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Abstract 

Motivated by a few preceding papers, we introduce super-KMS functionals for 
■ graded translation-covariant nets over K with superderivations, roughly speaking as a 

certain supersymmetric modification of classical KMS states on translation-covariant 
. nets over R, fundamental objects in chiral algebraic quantum field theory. Although we 

are able to make several surprising statements concerning their general structure, most 
properties will be studied in the setting of individual models, and our main interest 
lies in superconformal models. In particular, we provide a constructive existence and 
. partial uniqueness proof of super-KMS functionals for the supersymmetric free field, 

for its rational extensions, and for the super- Virasoro net with central charge c > 3/2. 
Moreover, we show that super-KMS functionals for graded nets - as one of their 
t**"* ' main applications - give rise to generalized perturbation-invariant entire cyclic (JLO) 

, cocycles and thus to a connection with noncommutative geometry. 
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1 Introduction 



In the 1950s, Kubo, Martin and Schwinger studied certain thermodynamical equilibrium 
states of many-particle quantum systems |MS59j . enabling later on several physical ap- 
plications, e.g. in black hole dynamics or phase transitions. Haag, Hugenholtz and Win- 
nink then used their construction to formulate an abstract algebraic relation which led 
to the notion of KMS states for arbitrary C*-dynamical systems. The probably most 
famous C*-dynamical systems with an immediate quantum field theoretical meaning are 
the C*-algebra of the canonical commutation (or anticommutation) relations on a given 
Hilbert L 2 -space, in short CCR (or CAR, respectively), equipped with translation actions. 
Roughly speaking, they describe bosonic (fermionic) free fields, and are therefore of fun- 
damental interest in mathematical physics. A detailed discussion of the KMS condition 
for CCR and CAR algebras together with other specific situations can be found in |BR97j . 
A more direct and specific study and classification of KMS states for the CCR and CAR 
algebras over a real infinite-dimensional Hilbert space with respect to a given symmetry 
group has been achieved in [RS T69} IRST 70J. In this context it was shown that they are 
quasi-free, a property extensively investigated in |Ara70l IAM711 IAra71j for the CCR and 
CAR algebras. 

Given the importance of KMS states to quantum field theoretical systems, it seems 
natural to study them also in the context of algebraic quantum field theory, the general 
axiomatic formulation of quantum field theories over arbitrary spacetimes by means of 
nets of quantum fields, cf. [Haa92j for an overview. The first steps in that direction 
were taken in [BJ89j . In later years quantum field theories with conformal symmetries 
on low-dimensional spacetimes became more and more interesting, due to their beautiful 
mathematical structure related to modular theory and subfactor theory of von Neumann 
algebras on the one hand, and to their physical meaning on the other hand, cf. e.g. |FG93| . 
An extensive study of KMS states for chiral conformal nets over the real line R with respect 
to translations has been recently performed in ( 'l.TW 1 la[ ICLTWllb] , dealing in detail 
with several important models and providing a complete classification of KMS states for 
completely rational nets. 

Another interesting aspect of quantum field theory and in particular also string theory 
is super symmetry, an internal symmetry between bosons and fermions, i.e., even and 
odd elements of the algebra, respectively. Although physical experimental confirmation is 
lacking so far, its mathematical structure is very rich and extends to the general context of 
C*-algebras, in which we are going to work here. A famous application of supersymmetry 
is found in Connes's concept of spectral triples [Con94j . Given such a spectral triple with 
#-summability conditions, one constructs in a natural way a "super-Gibbs functional", 
which then gives rise to an entire cyclic cocycle, cf. also [JL088, Con89]; it turns out to 
be a geometric invariant for certain "regular perturbations" of the spectral triple. This 
construction is the starting point for a noncommutative geometric description of graded- 
local conformal nets as achieved in [C HL12| . The cocycles there give rise to geometric 
invariants, which, in particular, recover parts of the representation theory of the graded- 
local conformal net, as partially suggested already in [LonOll lKL05t [CKL08|, ICHKL10| . 

It seems natural to ask whether this construction of entire cyclic cocycles can be 
generalized from super-Gibbs functionals to other functionals and whether they still give 
rise to noncommutative geometric invariants or thermodynamical interpretations. In fact, 
Jaffe, Lesniewski and Wisniowski [JLW89] and independently Kastler [Kas89] took the 
first steps into that direction. They showed that bounded super-KMS functionals give 
rise to entire cyclic cocycles. Unfortunately, at that time several no-go theorems were still 
unknown, in particular that nontrivial super-KMS functionals for the translation action 
cannot be bounded [BLOOj . which turned their constructions out to be inapplicable here. 
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It took several years to construct at least one first example of algebraic super symmetry 
with unbounded but locally bounded super-KMS functionals and associated local-entire 
cyclic cocycle for the supersymmetric free field [BG07| . which, however, still has to be put 
into the framework of graded nets of von Neumann algebras. 

Prom this introduction, some questions seem to emerge quite naturally: 

- Can we provide a suitable definition of super-KMS functionals for graded translation- 
covariant nets over M. of von Neumann algebras and determine abstract properties, 
extending the results in [BLOO]? 

- Can we find examples or even a classification of super-KMS functionals for some 
explicit (say, chiral superconformal) models? 

- Can we formulate a general classification of super-KMS functionals for graded translation- 
covariant nets, in analogy to [CLTWllaj ICLTWllb] ? 

- Do super-KMS functionals for graded translation-covariant nets give rise to entire 
cyclic cocycles and geometric invariants of the original net, generalizing [CHL12J? 

In the present paper, we shall deal with some of these questions. Regarding the first 
one, we start in Section [2] with a definition of super-KMS functionals which seems suitable 
in general and in the context of graded translation-covariant nets over M. This permits 
us to make a few general statements, e.g. that a KMS functional on a completely rational 
conformal net has to be unbounded and nonpositive if it does not coincide with the unique 
KMS state, or that its Jordan decomposition cannot be obtained as an inductive limit. 

In general, however, it seems difficult to arrive at abstract statements. As our original 
motivation lies in graded-local conformal (or even superconformal) nets, we therefore turn 
in Section [3] to the second question, dealing with the most important or fundamental 
superconformal models, namely: the supersymmetric free field, its rational extensions, 
conformal subnets of the fermionic free field net, and finally the super-Virasoro net with 
central charge c > 3/2. We explicitly construct super-KMS functionals on the quasi-local 
C*-algebra of those nets, based on the results in [RST69, IBG07] and show uniqueness for 
some of them under certain additional regularity assumptions. As an essential ingredient 
and byproduct independent of the context of conformal nets, we find a generalization of 
Araki's criterion on quasi-equivalence of quasi-free states on the CAR algebra |Ara70j 
to a well-behaved class of (nonpositive but bounded) quasi-free functionals on the CAR 
algebra, cf. Theorem I A. 31 

As evident from the preceding discussion, question 3 will be impossible to answer. Con- 
cerning the last question, however, we can say quite a lot, and this will be the objective 
of Section HI Inspired by [JLW89} IBG07] we present a general construction of local-entire 
cyclic cocycles out of local-exponentially bounded super-KMS functionals, and we show 
that these cocycles are geometric invariants for certain "regular perturbations" of our dy- 
namical system. We close our paper by illustrating the cocycle construction with some of 
the models studied in Section A deeper investigation of the involved geometric invari- 
ants, probably related to index theory and possibly recovering parts of the representation 
theory as in [CHL12| has to be carried out in future works. 

In order to keep this paper as concise as possible, we have postponed a lot of material 
to the appendix. In Appendix [A] we prove the above-mentioned generalization of Araki's 
quasi-equivalence criterion, in Appendix [B] we provide a classification of bounded super- 
KMS functionals for rational graded-local conformal nets over the circle S 1 with respect 
to the rotation group action, and finally in Appendix O we collect several lengthy and 
technical proofs of statements made in the main part of the text. 
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One final important remark: In the present paper, we deal with nets over R, whose 
physical meaning is that of a light-ray in two-dimensional Minkowski spacetime, especially 
interesting for so-called chiral theories (cf. [Wei05] for a good overview). We restrict to 
this "spacetime" setting since our results in Sections [2] and [3] treat that quite ample case. 
However, most of the initial definitions here make sense also for nets over more general 
spacetimes with a designated (fixed) "translation direction". In fact, Proposition 12.61 and 
the results in Section U] can be read in such a generalized context; yet since we do not treat 
examples (apart from a brief toy example on page [T6]) in that context and do not want 
to become too lengthy, we remain in the setting of light-rays and leave the corresponding 
generalizing reformulation of Section [J] to the interested reader. 

2 General aspects of super-KMS functionals 
Preliminaries and notation 

Let I stand for the set of nontrivial bounded open intervals in R and Is the set of nonempty 
nondense open intervals of the unit circle S 1 (sometimes regarded as being embedded in 
C). We write 

T 1 := {z G C : < 9z < 1} 

for the standard closed strip in the complex plane. 

A graded translation- covariant net A over R is a map / i— > A(I) from the set I to the 
set of von Neumann algebras acting on a common infinite-dimensional separable Hilbert 
space % satisfying the following properties: 

- Isotony. A(h) C A(I 2 ) if h,h G I and h C h- 

- Grading covariance. There exists a selfadjoint unitary T (the grading unitary) on 
T~L satisfying TA(I)T = A(I) for all We write 7 = Ad T and define the usual 
graded commutator 

[x, y] = xy+ -(y - j(y))(x - j(x)) - -(y + j(y))(x - j(x)) 

- -Av - i(y))( x + tO)) - j(y + i{y)){x + -y(x)), x, y e A(i). 

- Translation- covariance. There is a strongly continuous unitary representation on % 
of the translation group R with infinitesimal generator P such that 

e itp A(I)e- itp = A(t + I), t€R,/€X, 

and the corresponding point-strongly continuous one-parameter automorphism group 
(ctt)t<=M. (i-e., t h-> ott{x) is u-weakly continuous, for every x G A{I)) restricts to *- 
isomorphisms from A(I) to A(t + I), for every t G R and I £ I, and is asymptotically 
graded-abelian (with respect to the graded commutator). 

- Positivity of the energy. P is positive. 

Although we work in this general context of graded translation-covariant nets over R, 
we shall be particularly interested in the special case of superconformal nets over R or S . 
To this end, let Diff (S 1 ) be the group of orientation-preserving diffeomorphisms of S 1 and 
Diff(5 ,1 )(°°) its universal covering group; then recall from [CKL081 IUHKL101 OTLT2] that 
a graded-local conformal net As over S 1 is a map / G Is l— * -As (I) as above but with the 
following additional properties: 
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- Diffeomorphism-covariance. There is a strongly continuous projective unitary rep- 
resentation U : Diff (S 1 )^ 00 ^ B(7i) extending the unitary representation of the 
translation group and such that 

U(g)A s {I)U(g)* = A s (gl), g G Diff (S l )^\ I G l s , 

and 

U(g)xU(g)* = x, * G ^s(l'), <? G Diff (S 1 )^, I GZ 5 - 

where Diff(5 1 )j°°^ denotes the 1-connected component of {g G Diff (S 1 )^ 00 ^ : gz = z 
Vz e S 1 \I}. 

- Existence and uniqueness of the vacuum. There exists a [/-invariant vector Q G % 
which is unique up to a phase and cyclic for V/gx s AsCO- 

- Graded locality. The grading unitary V satisfies additionally 

A s (h) c ZA s {h)'Z\ I e I, h n h = 0, 

where 



We shall treat super-KMS aspects of these nets in Appendix [Bl 

Finally, a graded-local conformal net A over R is the net obtained by restricting As 
to I, identifying R with S 1 \ {-1} by means of the Cay ley transform, and covariance is 
now with respect to the stabilizer subgroup of Diff (S 1 )^ 00 ^ for the point —1. It is clearly a 
special case of a graded translation-covariant net. It is called superconformal if it contains 
the super- Virasoro net ^4svir,c (defined first in [CKL08, Sec. 6], cf. also Appendix IC . 21 here) 
as a diffeomorphism-covariant subnet with central charge c and the (restriction of the) 
projective representation U of Diff (S 1 )^ 00 ^ making A diffeomorphism covariant satisfies 

C/(Diff( < S 1 );° o) ) c ^svir, c (/) c A(I), lei, 

cf. |CHL12l Def.2.11]. There are several examples of such nets, cf. |CHL12[ Sec. 6], and we 
discuss some of them from the sKMS point of view in Section [3j 

The universal or quasi-local C*-algebra corresponding to a (graded) net A over R is 
defined as the C*-direct limit 

2t:=lim^4(J) 

over I £ I, cf . also }Haa92l IBR971 ICLTWlla] , noting that I is directed (in contrast to 
Is)- For all I el, A(I) is naturally identified with a subalgebra of 21. When referring to 
particular models for A, we shall say so explicitly. (We always use gothic letters for the 
quasi-local C*-algebra of the nets with corresponding calligraphic letter.) 

As in (CLTWllal Sec. 2], which shall serve as guideline for many aspects of our set- 
ting, we write a again for the induced group of automorphisms of 21, and we denote its 
infinitesimal generator by the derivation (5q, dom(Jo)), which is locally u-weakly densely 
defined and locally (formally) given by the commutator with P. Furthermore, we write 
2l Q C 21 for the *-subalgebra of analytic elements of a (the elements x G 21 such that 
t G R i— > at(x) G 21 extends to an entire analytic function), cf. [BR97, Sec. 3. 2]. 

Let A be a graded translation-covariant net. A super derivation on 21 with respect to 
the grading 7 and translation group a is a linear map 5 : dom(<5) C 21 — > 21 such that: 

(i) dom(<5) C 21 is a a -7 -invariant (i.e., globally invariant under the action of every at, 
t G R, as well as 7) unital *-subalgebra, with 

a t o 5(x) = 5 o at(x), r yo5(x) = —5o^/(x), 5(x*) = j(5(x)*), x G dom(<5), t G R; 
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(ii) 5(xy) = 6(x)y + j(x)5(y), for all x, y £ dom(5), 

(in) 5 j := 5 Idom(<5)o4(7) is a (c- weakly)- (cr-weakly) closed a- weakly densely defined op- 
erator on A(I) with image in A(I), 

(iv) dom(5f) := HneN dom(<5") C dom(c>o) H A(I) C A(I) is cr-weakly dense, 

By dom(-)/ we always mean dom(-) n A(I) and thus dom(<5/) = dom(5)j; dom(-) c stands 
for the union over I G X of dom(-)/, which may actually be equal to dom(c>). We then 
call (21, 7, a, 5) shortly a graded quantum dynamical system. We shall be interested in 
modifications of the KMS condition on (21, a), and we consider only the case of inverse 
temperature /3 = 1 (which can always be achieved by rescaling if (3 ^ 0, oo), cf. also 
Remark 13,21 We shall deal with several examples of this setting in the following section. 
All *-algebras in this paper are understood to be unital and all Hilbert spaces separable. 

Super-KMS functionals 

Super-KMS functionals are the central objects of this paper and we choose the following 
definition, which was motivated by the corresponding ones in |BL00[[BG07| but is actually 
much stronger and more suitable for the theory and examples developed in this paper. 

Definition 2.1. A super- KMS functional (in short sKMS functional) <p on (21, 7, a, 5) is 
a linear functional defined on a *-subalgebra dom(c/>) C 21 such that: 

(Sq) Domain properties: (j)(x*) = (j)(x), for all x £ dom(^); dom((p)j C A(I) is cr-weakly 
dense, for all I € I, and dom(0) is globally a-7-invariant. 

(51) Local normality: 4>i is bounded and extends to a normal (i.e., cr-weakly continuous) 
linear functional on A(I), denoted again cpj, for all / 6l. 

(52) SKMS property: for every 1,1/6 dom(0), there is a continuous function F x>y on the 
strip T 1 which is analytic on the interior, satisfying 

F XjV (t) = c/>(xat(y)), F x>y (t + i) = <f>(a t (yh(x)), t e R, 

and there are constants Co > and po £ 2N depending only on x, y, 4> such that 

\F XtV (t)\<C (l + \St(t)\y*, teT 1 . 

(53) Normalization: (f)(1) = 1. 

(54) Derivation invariance: im(5i) C dom((/)/), for all /6l, and o 5 = on dom(c>) c . 

(55) Weak supersymmetry: for every x,z S dom(</>) c and y E dom(<5 2 ) c , we have 

<j)(x5 2 (y)z) = -\^-4>(xa t (y)z) \ t =o . 
Some sKMS functionals exhibit the following additional properties: 

(S4) Dense derivation invariance: (S4) holds and dom(c^°) = HneN dom(<5") C A(I) is 
a-weakly dense, for every I £ I. 

(Sq) Local-exponential boundedness: there are suitable constants C\,C2 > such that 
\\4> tdom(0)/ II is bounded by Cie^ 2 ' 7 ' , for every I £ 1. Here and throughout this 
paper we write |/| := sup{|x| : x £ I}. 
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Let B be a local conformal net with quasi-local C*-algebra 53 and one-parameter automor- 
phism group of time-translations a. A KMS functional (f) on (53, a) is a linear functional 
defined on a *-subalgebra dom(</>) C 53 satisfying (So)-(Ss) with 7 = id<g. 

The theory of (usual) KMS states motivates the following proposition: 

Proposition 2.2. Let (0, dom(<^)) 6e a functional on the graded quantum dynamical sys- 
tem (21,7, a i with properties (So, Si, S3), and let % a ,<j> C 2l a n dom(</>) &e a *-subalgebra 
such that, for every x,y G 2l Qj ^ ; f/ie function t G T 1 1— >■ (p(xat(y)) is continuous and 
analytic on the interior of T 1 ■ Consider the following condition: 

(S' 2 ) For all x,y G 2t aj ^, we /icroe 

anal, cont^j 4>(xa t (y)) = (f)(yj(x)), 

and there are constants Co > and po G 2N suc/i i/iai 

<c (i + TOir, ter 1 . 

T/ien (S'2) implies (S' 2 ) and, if 2l ajl p n «4.(J) C ^4(/) is a-weakly dense, for all I £ I, and 
(Sq) holds for <fi, then (S' 2 ) implies (S2) on dom(0) c . Moreover, (S2) implies: 

(S7) Translation invariance: <p o at = (J) on dom(<p), for all i 6 R. 

(Ss) Gradedness: <\> o 7 = on dom(0). 

Finally, (pi may be uniquely extended to A(I) and dom($>)j replaced by A(I), for every 

I el. 

Properties (5*7) and (Ss) are proved in [BG07, Prop. 5. 3] and are in fact almost imme- 
diate consequences of (S'2). It follows in particular from that proof that (S7) and (Ss) hold 
on a given a-7-invariant *-subalgebra A C dom(<5) instead of dom(<fi) if (S2) holds on A. 
It is well-known [iBR97, Prop. 5. 3. 7] that in the case of states and trivial grading, property 
(S' 2 ) is equivalent to (S'2), while in the present setting this is no longer true, owing to the 
unboundedness of cj) and the fact that 2l a ^ n A(I) may be trivial. We postpone the proof 
to Appendix lC.il 

We recall [BLOO, Lem.2&:Cor.8] adapted to the special case where the (^-asymptotically 
graded-abelian automorphism group is in fact asymptotically graded-abelian and given by 
translations - and this is independent of the choice or existence of a superderivation 8: 

Proposition 2.3. Let A be a (nontrivially) graded translation- covariant net. Then a 
nontrivial sKMS functional on 21 with respect to translation must be nonpositive and un- 
bounded. 

Graded-local conformal nets over R are a standard example for this setting in the 
following section of examples. 

Let us look for a moment at completely rational (non-graded) local nets over R. For 
the definition of complete rationality we refer to [KLM01]; we just emphasise that there 
are lots of examples of such nets. Let B be such a net with quasi-local C*-algebra 03. 
The KMS states on 53 with respect to translation were determined in [CL TWllaj . and 
it turned out that there exists a unique one, the so-called geometric KMS state (defined 
e.g. in [CLTWllal Sect.2.8]). One might ask what happens if we relax the requirement of 
KMS states to (bounded) KMS functionals; the answer is 

Proposition 2.4. Suppose B is a completely rational local conformal net over R. Then 
every nontrivial bounded KMS functional on its quasi-local C*-algebra 53 with respect to 
translation coincides with the geometric KMS state. 
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Before entering the proof, recall (e.g. from |KR86|, Th.4.3.6]) that every bounded func- 
tional (ft on a C*-algebra 33 has a unique (Jordan) decomposition (ft = 0+ — 0_ with <ft± 
mutually orthogonal positive functionals such that \\(ft\\ = ||</>+|| + ||<?MI- 

Proof. Let (ft be a bounded KMS functional on 23; then we have a well-defined decom- 
position = — </>_. As shown in [BLOOl Lem.2], \(ft\ = (ft + + 0_ satisfies the KMS 
condition on OS; the positivity of \(ft\ implies moreover that it is a multiple of the unique 
(geometric) KMS state on 23, cf. [CLTWllaj . Since <f>± = \(\cft\±(ft) is the sum of two KMS 
functionals, it has to be a KMS functional again, although not necessarily normalized; by 
construction it is bounded and positive (although not necessarily faithful), so it has to 
be a multiple of the geometric KMS state, too, by the same reasoning as above. Thus (ft, 
which is normalized, coincides with a multiple of the geometric KMS state. □ 



Remark 2.5. Notice that this is completely different for completely rational graded-local 
conformal nets over the circle S 1 with respect to the periodic rotation action (like those 
treated in [CKL081 ICHKL10| ICHL12] ). In that case, there are in fact bounded though 
nonpositive sKMS functionals on the universal C*-algebra of the net (in its universal 
locally normal representation), and this is all explained in Appendix [Bl 

The nonpositivity of sKMS functionals in general makes fundamental constructions 
like those by Moriya [MorlO|, IMorllj difficult or impossible. He considers supersymmetric 
states (ft on C*-algebras, i.e., satisfying (ft o 5 = 0, and in this case the GNS construction 
gives rise to supercharges for 5. An extension to the setting of nets of von Neumann 
algebras should be natural, but compatibility with the sKMS property cause problems 
like those mentioned above (nonpositivity) with which we cannot deal here in further 
detail. 

Now let us return to sKMS functionals for more general nets. 

Proposition 2.6. Let A be a (nontrivially) graded translation- covariant net. Given an 
sKMS functional ((ft, dom(</>)) on 21 for translation, the functionals \(fti\ and (ftf := |(|^>j|± 
(fti) obtained through restriction are individually well-defined, bounded and positive, but 
they do not form a directed system with respect to restriction, so they do not give rise to 
positive (unbounded) functionals on 21. 

In particular, we have to point out that for this very reason the construction of \(ft\ 
suggested in [Sto07l Sec. 4] does not work here. 

Proof. By assumption (Si), the local restrictions (ftj are bounded, so \(fti\ and (ftj are 
well-defined bounded positive functionals on A(I). Suppose ((ftf)i^x forms a directed 
system, i.e., for every inclusion I\ C h we have (ftf \a(Ii) = 4>%- Then 

11^11=11^11 + II07JI = 4 1 (i) + 07 1 (i) 

=(ftj 2 \ A(h) (l) + (ftj 2 u (/l) (l) = (ft+ (l) + 07 2 (i) 

=ut 2 \\ + Ui 2 \\ = Uh\\, 

since 1 G fl/e^i(/) But this would imply that \\<fti\\ does not depend on I, hence 

the boundedness of (ft on 21 as an inductive limit of functionals of the same norm - a 
contradiction to Proposition 12.31 So (ftf do not satisfy isotony, and neither do \(fti\, for 
I £ I, and we cannot define unbounded positive functionals ± on 21 as inductive limits 
such that (ft = (ft + — (ft~ . □ 
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A classification of sKMS functionals in general seems to be out of reach without further 
specifications and without a general theory of unbounded linear functionals on C*-algebras. 
Already in the non-graded special case where B is a completely rational local net over R, 
the question of existence and uniqueness of (unbounded nonpositive) KMS functionals on 
23 is not clear, whereas we know that there exists a unique KMS state on OS namely the 
geometric KMS state, cf. Proposition 12.41 and [CLTWllaJ. An example of an unbounded 
KMS functional for a completely rational local conformal net will be encountered e.g. in 
Corollary 13.91 in the setting of the chiral Ising model, i.e., the even subnet of the free 
fermion net. 

As it seems difficult to say much more about sKMS functionals or to obtain uniqueness 
results as for KMS states in general, we are rather forced to study individual models, and 
we shall do so in the following section. For physical reasons it makes sense to require 
certain additional properties, under which decent classification statements will become 
possible. We call them "regularity conditions" and they roughly mean that: 

- a functional on a product net splits into a product functional; 

- if the net comes from unbounded selfadjoint localized fields, then (ft extends to poly- 
nomials in those fields via differentiation, one can recover 4> from its value on those 
polynomials, and the relation (f) o 5 = holds also on the unbounded fields. 

The precise definition will be given when treating the individual models. 

3 Models and super-KMS functionals 

Fermions and quasi-free functionals 

Let /C be a complex Hilbert space with a selfadjoint involution T. Then the selfdual CAR 
algebra CAR(/C, T) is the C*-algebra generated by elements F(f), for all / E /C, which are 
linear in / and satisfy the canonical anticommutation relations 

F(fyF(g)+F(g)F(f)* = (f,g), F(f)* = F(Tf), f,ge)C. (3.1) 

These relations define, in particular, the C*-norm on CAR(/C,T). A quasi-free state on 
CAR(/C,r) is a state which vanishes on all odd degree monomials of F and on those of 
even degree it satisfies 

2n 

<j>{F{h)...F(f 2n )) = Y J (-l)H{F{h)F{f j )). ( f ) ( H F(fi))- (3-2) 

It is thus completely determined by its sesquilinear 2-point function, which in turn cor- 
responds to a unique operator S E B(JC) such that < S = S* < 1, TST = 1 — S and 
<fi(F(f)*F(g)) = (f,Sg), cf. [Ara70] for further information. By a quasi-free functional 
on CAR(/C,r) we shall mean a linear functional 4> whose domain dom(^) C CAR(/C,r) 
contains the *-algebra generated by monomials F(f\) ■ ■ ■ F(f n ), fi E /Co, for every n E No 
(where /Co C fC is a certain dense vector subspace); moreover, <ft has to vanish on all odd 
degree monomials and its value on even degree monomials is defined as in ()3.2p but with 

<P(F(fyF(g))=e(f,g), /, 5 E/C , 

where 9 : dom(#) — > C is a sesquilinear map such that /Co x /Co C dom(#) C /C x /C is 
dense and 0(f,g) = 6(g,f). In case 9 is bounded and dom(#) = /C x /C, there is clearly a 
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corresponding operator S G B(JC) such that S* = S = 1 — TST and 9 = (•, S 1 -). The other 
way round, any such S uniquely determines a bounded quasi-free functional on CAR(/C, T), 
which we denote by <ps', it is a state iff moreover < S < 1. 

From now on, let K = L 2 (R,C d ), with d E N, Kj = L 2 (I,C d ) C K and T : / \-+ / 
component-wise complex conjugation on /C and /C/, write K? = L 2 (R,R d ) and KJj = 
L 2 (I, R d ), and let «S(R, C d ) be the corresponding Schwartz space (of C d -valued rapidly 
decreasing functions on R), a dense vector subspace of the Hilbert space /C. For X = R rf or 
<C d , we write <S C (R, X) for those Schwartz functions which have actually compact support, 
<S(R, X)j for those with support in given I Gl, and shortly <S C (R) := 5 C (R, R). 

We define the operator 

P + : / G JC ^ ( X [o,oo) • /) V e JC, (3.3) 

where f,f v £fC denote the Fourier transform (inverse Fourier transform, respectively) of 
/ G fC. Then <j)p, is a quasi- free state, the vacuum state, and we call its GNS representation 
7T0 P+ the vacuum representation of CAR(/C,r). We fix the grading automorphism 7 and 
the translation automorphism group a by 

j(F(f)) = -F(f), a t (F(f)) = F(f(t + .)), teRJelC. 

Let us consider the sKMS property (S2) for (CAR(/C, T), 7, a): 

Proposition 3.1. There exists a unique quasi-free functional 4> on (CAR(L 2 (R, C d ), F), 7, a) 
with 

dom(0) := *-alg{F(/) :/G5(R,C d )} 

satisfying properties (So), (S2), (S3) with norm instead of a -weak denseness. Its two-point 
function is 

+ / \ ^f(p)9(p)d P , f,geS(R,C d ). (3.4) 

-00 Je ' 1-e p 

The proof is deferred to Appendix 10.21 

Remark 3.2. In order to understand what happens at the thermodynamical limit of 
inverse temperature /3 — )■ 0, it is necessary to study the functionals satisfying the sKMS 
condition (S2) at inverse temperature /3 G R + . In this case (analogously to the case of 
inverse temperature 1), there is unique sKMS functional <fip and its two-point function is 
given by 

+ / ) i _ -fl P /(p)g(p) d P. f,g£S(R,C d ). 

We then calculate 

^^(1) =0, /3 G R+, 

cf. ()C,4p in the proof of Proposition 13.11 Since for super-Gibbs functionals (cf. Appendix 
IB"]) with Hamiltonian H this final equation becomes — tr(TH e~@ H ) = 0, it may be widely 
interpreted in the sense that there is no supersymmetry breaking (supersymmetric phase 
transition) between fermions and bosons; on the other hand, the thermal phase transition 
behavior of the quantum system as such is still described by the classical (not "super") 
KMS condition. For further explanations and relations to supersymmetric Ward identities 
we refer the reader to [Fuc84[ Secs.3&9], yet some future work has to carried out in order 
to understand this point deeper. The models in the following subsections can be treated 
similarly. 
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The operators F(f) G CAR(/C, T) define the d-fermion free field net J- over R, namely 
^(/):={^ + (F(/)):/G/CF}", I el, 

which is a graded-local conformal net, with grading and translation automorphisms the 
ones induced by 7 and a, cf. [Boc96, CKL08J for further information. Following our above 
convention, we write J for the quasi-local C*-algebra of the net J- . 

Theorem 3.3. There is a functional 4>jr on $ satisfying (So) — (S3) and (Sq). Requiring 
quasi-freeness and 

dom(^) D {np + (F(f)) : / G S c (R,R d )}, 

it is even unique. 

The proof is again deferred to Appendix IC. 21 

Supersymmetric free field net 

Consider the C*-algebra generated by elements W(f), for all / G 5(R, R d ), satisfying the 
relations 

W(f)W(g) = W(f + g), W(f)* = W(-Tf). 

We denote the vacuum Fock space representation by (tto > b,'Hb)- The d-bosonic free field 
is generated by the Weyl operators W(f) in the vacuum representation 7ro,B, namely 

B(I) = {7r MW(f)) : / G 5(1, R d )}", I el, 

and it is a local conformal net (i.e., with trivial grading) with translation automorphisms 
defined through a t (n ,B( W (f))) = ^ B (W(f(t + •))), for all t G R,/ G S(R,R d ), cf. 
[BMT881 IFG931 IXu05j for further information. We remark that, for all / G <S(R,R d ), t G 
^ ^ ^0,3 ^ B(Ho) is a strongly continuous one-parameter group of unitaries, and 
we write «/(/) for its (unbounded selfadjoint) infinitesimal generator. All J(f) are linear 
in / with a common invariant core as discussed below and satisfying the canonical 
commutation relations on Poo : 

[J(f),J(g)]=i(f,g'), f,g€S(R,R d ), 

cf. [BR971 Sec.5.2] and [CLTWllbl Sec.4]. Note that (f,g) ^ (f,g'} clearly defines a 
symplectic form on <S(R, Following our above convention, we write 23 for the quasi- 
local C*-algebra corresponding to the net B. 

We let A := B <g) T be the supersymmetric free field net for the rest of this subsection, 
and we usually identify 1 <g> T with T,B® \ with B,l® F(f) with F(f) and J(f) (g> 1 
with J(f). Moreover, we write F(f) for vr^ p+ (F(f)) henceforth and W(f) for iro ) B(W(f)), 
all of them acting on the vacuum Hilbert space H = Hb ® T~Lt- Grading and translation 
automorphisms on 21 are given by tensor product of the corresponding ones on 53 and J, 
and we denote them again by 7 and at- 

We first claim that A is a superconformal net over R. This can be shown in com- 
plete analogy to |CHL121 Prop.&Def.6.2] (which in turn is based on the super-Sugawara 
construction in [KT85 ): we only have to regard the involved formulae for fields over 
R instead of S 1 there, and moreover the involved Lie groups U(l) rf instead of a simple 
simply-connected Lie group G of dimension d there. To be just slightly more precise, the 
super-Sugawara construction in [KT85, Th.4] defines super- Virasoro generators in terms 
of the free field generators and satisfying the (graded) commutation relations ()C.5p and 
(|C.6p on Pqo. Additionally, they satisfy linear energy bounds, and proceeding in the stan- 
dard way applying [DF77, Th.3.1], we see that they define a graded-local subnet Asvh,c 
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of A with c = |cf. Using the action of the diffeomorphism group on the generators, we can 
proceed as in }CKL08l Sec. 6. 3] to show that the nets are diffeomorphism-covariant, w.r.t. 
the same projective representation U of Diff (S* 1 ^ 00 ). And according to |CKL081 Sec. 6. 3], 
[7(Diff (S 1 )^) C »4svir,e(-0- Thus, A is superconformal according to the definition in 
Section [2j 

We would like to have a super derivation d satisfying formally 

<5(J(/))=iF(/'), 5(F(f)) = J(f), f£S c (R,R d ), (3.5) 

and in terms of von Neumann algebras 

5(W(f))=-F(f')W(f), 

S(F(f)(J(f) + =J(/)(J(/) -iF(f)F(f')(J(f) + i)- 2 

on the generators of the *-subalgebra 2lo Pi A(I), where 

Sto := *-alg{W(f),F(f)(J(f)-i)~ l : f eS(R,R d )}. (3.7) 

Lemma 3.4. There is a family (Qi)i£x of (unbounded) odd self adjoint operators on H 
such that: 

- there is a corresponding family of superderivations (5g / )/ e x with dom(<5Q / ) given by 
all x £ A{I) for which there is y £ A(I) with 

7 (aOQ/ C Qix - y, (3.8) 

and in this case Sqj(x) := y; 

- 5 Ql satisfies §M>§, for all f £ C°°(R, R d )i, and 5 Ql2 ldom(<5 Q7i ) = °~Q h , f or al1 h C h- 
Every Sqj is (a -weak)- (a -weakly) closed. 

The proof (in Appendix ICJ.2|) is based on the fact that A is diffeomorphism-covariant 
and superconformal, so that it contains the super- Virasoro net as conformal subnet, which 
gives rise to the elements Qi. 

Lemma 3.5. Given the above family (Qi)iex, an interval I £ I symmetric around 0, 
x £ 21q n A{\I) and h £ <S(R) ij3 let 



Xh ■= / a t (x)h(t)dt. 
Then Xh £ dom(<5g / ), for every m £ N, and 5q j C 5q, and we have 

S%(xh) = ^;\x h ) = (i) n (S Ql (x)) h(n) . 

The proof is placed again in Appendix IC.21 

For certain reasons to be explained later in the proof of Theorem 13.71 dom(5Q 7 ) is too 
large for our purposes, while 2lo f~l A(I) is too small since it intersects probably trivially 
with dom(5g 3 ). A suitable domain is given by the following intermediate one, namely: 
setting 

A(I) := * -alg{x h , (5(x)) h £ A{I) : x £ 2t n A(I), h £ 5(R) 7 }, 

we define 

5i := (o"-weak)-(cr-weak)closure (8qj \a(I))> (3-9) 

and 

dom(5) := (J dom(5/), (3.10) 
lei 

which is clearly a *-algebra, since every dom((5/) is so and dom(5/ 1 ) C dom(<5/ 2 ) if I\ C li. 
By construction, dom(<5) = dom(<5) c . 
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Proposition 3.6. The family (<5r)/ej from (|3.9|) induces a unique super 'derivation 5 on 
dom(o') satisfying conditions (i)-(iv). Moreover, 2lo C dom(<5) and x\ t G dom(5f 2 ) if 
x G 2l n «4(±I) and /i G «S(R) 1 7 . 

Since we find the proof quite instructive, we do not postpone it to the Appendix as 
usual. 

Proof. Since <5/ a C 8i 2 if I\ C I2, and every element x G dom(5) lies in some local algebra 
A(I), 5 acts on x as the suitable graded commutator 8qj. For such superderivations the 
general theory in [CHKLlOj Prop. 2.1] applies. Thus, once we have shown the global a- 
7-invariance of the *-algebra dom(<5), properties (i), (ii), (iv) of superderivations follow, 
while (hi) holds by definition of dom(oj) in (|3.9p . 

a-invariance of 2lo and its image <5(2lo) is clear from (|3.7p . Given x G 2lo H A{\I) and 
h G 1 j, let J £ I contain I and t + I; then using the invariance of 2lo> we find 



2 



7«i 



( / a s (x)f(s)ds)Qjt=( [ 7 a t+s (x)/( S )dsW 

a t+s (7(z)Qj_ t _ 8 )n/(s)da 



«t+ s (Qj-t- s a; + 5Q J _ t _ s (j;))^J/(s)ds 
( / (Qja t+s (x) + 8j(a t+s (x)))t)f(s)ds 



=Qja t {xh)i + 8j(a t (x h ))£, 

so at(xh) G dom(<5) and o~(«t(x) = at(S(x)); 7-invariance is shown in a similar way. Finally, 
let x G dom(o"/), for some I G X, and consider a sequence x n G A(J) converging a- weakly 
to x and such that 8(x n ) converges u-weakly to some element in A(I), which has to be 
6j(x) due to o"-weak closedness of 81, and in particular they converge weakly. Then cr-weak 
continuity of at implies 

(r],iai t (x)Qj£) = lim {r},^a t {x n )Qj^) 

n— >oo 

= lim {r),Qja t (x n )Cl + (r],8j(a t (x n ))£) 

n—>oo 

= lim (rj,Qja t (x n )$,) + (rj,a t (5j- t (x n ))^} 

n— >oc 

=(r],Qja t (x)£) + (r},a t {8(x))g), 

for all 77, £ G Poo, which means that at{x) G dom(<5) and 8(ott(x)) = ott(8(x)). 

It only remains to prove property (iv), i.e., the <r-weak denseness of dom(<5^°) C A(I). 
By definition of A it is clear that 2lo D A(I) is a- weakly dense in A(I). Moreover, every 
element x G 2lo can be approximated c-weakly by a sequence (xh n )n£N G dom(<5°°), 
namely: let I G X be such that x G .4(1), and let h n G 5(RV_i be a sequence such that 
h n (t)dt converges *- weakly to the Dirac measure d$t in 0. Then cr-weak continuity of 
1 1 y at(x) implies 

x h n = / OLt{x)h n {t) dt — > x (cr-weakly), n — > 00, 

and every x/i n lies in dom(o'^ ), so we are done. 

The final statement in the proposition follows from Lemma 13.51 and (|3.9p : for Xh G 
A(I), we have S I (x h ) = 8 Ql (x h ) = {5 Ql (x)) h G A(I) with 8i(6j(x h )) = 5 Ql (5 Ql (x h )) = 
ixh' G A(I). Iterating this procedure, we see that Xh G dom(5J l ), for every m G N, and 
8?(x h ) = 8% i (x h ) □ 
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We come now to the regularity condition mentioned towards the end of Section [2 Let 
us call a functional ip on 53 ® 5 5 -regular if it splits into a quasi-free product functional 
ijjjs <8> ^.F, its domain contains Q3o 3b, where 

Jo = *-alg{F(/):/G5(M,M d )}c5, 
<B = * -alg{W(/), (J(/) - i)- 1 : / G 5(R, R d )} C ®, 

cf. Proposition 13.11 and t G R i— > ip(W(tf)x) is analytic, for every / G S(R,R d ) and 
x a product of resolvents in *B; more precisely, if) can be extended to the unbounded 
monomials of the form J(/ x ) • • • J{f n )F(f n+1 ) ■ ■ ■ F(f n+m ), for all /< G 5(R,R d ) c (for 
which F(fi)(J(fi) + i) _1 G dom(£)), and their image under 5, namely: 

iP(j(h) ■ ■ ■ J{f n )F(f n+l ) ■ ■ ■ F(f n+m )) 

jn+m 



n+m 



^(w(t 1 f 1 )---w(t n f n y 



• F(t n+ if n+ i) i(J(t n+ i/ n+ i) + i) 1 • • • F(t n+m f n+m ) i{J(t n +mfn+m) + i) 1 ) \t=0, 
and ip(W(f)) can be constructed from the values on such monomials, and analogously 
V> o 5{J(h) ■ ■ ■ J(f n )F(f n+1 ) ■ ■ ■ F(f n+m )) 

j n+m 

: = im " n t + — T~7 — i> o 8(w{t x h) ■ ■ ■ w(t n f n y 

a ti • • • a t n+m \ 

fn+i) ~i~ i) ■ F it n j rm f n j rrn ) i(t/(t n _|_ m 

fn+m) + i) M r*=0 , 

for every fi G 5(R,R rf ) c . We see that, under assumption (S'4): 

1> o <5(J(/i) • • • J(f n )F(f n+1 ) ■ ■ ■ F(f n+m )) = 0. 

We come now to the main result of the present section, which we therefore prove right 
here: 

Theorem 3.7. There is a unique nontrivial 5-regular sKMS functional for the graded-local 
net A = B (8> J~ satisfying (S'4). Furthermore, it satisfies (Sq) and is given by the product 
of the geometric KMS state (fig on 03 and the quasi-free functional (pjr with two-point 
functions (j3.4[) on J. 

Proof. We first consider existence. Let ip = <8) <\>t be the product of the unique 
geometric KMS state cftjg on OS and the functional cftjr constructed above on 5- The local 
normality and <5-regularity of are well-known facts (because it is a KMS state), while 
local normality, sKMS property and quasi- freeness of cf>jr have been shown in Theorem [331 
Polynomial boundedness of the sKMS function and local-exponential boundedness of 4>jr 
have been established in [BG071 Th.5.7], and (^-regularity of ip is an obvious consequence 
of its definition and the <5-regularity of 

Let us turn to derivation invariance (S 4 ). Based on [BG07, Th.5.8] we prove in Ap- 
pendix IC.2I that 

1>l8i(x) = 0, x G B(I) := * -alg{y, 6(y) : y G 2l D A(I)}, 

for every I £ I. On elements of the form x\ t h\ ' ' ' x n,h„, with X{ G B{I) and hi G S(R)j, 
we find then 



iplSi(xi,hi ■ ■ ■ x n,h n ) = / ip6(a tl {xi) ■ ■ ■ a tn (x n ))hi(ti) ■ ■ ■ h n (t n ) d™ t 

0-h 1 (t 1 )---h n {t n )d n t = 0. 



14 



Thus ipiSi = on the (<7-weak)-(<7-weak) closure dom(<5j), and tp5 = on dom(<5) c . 
Concerning (S5), recall from Lemma 13.41 that 

Sj(y) = 6 (y) = - i j^ a t(y) U=o, V G dom(5f ), 

so (S5) holds on every dom(5J L ), I £ I and m£N, thus on dom(<5°°) c . 

Uniqueness is more involved. The requirement of being a 5-regular sKMS functional 
forces the restriction to 1 (g) 5 to be a densely defined functional ^j- with $o C dom^j-), 
so it has to be cftjr constructed in Theorem 13.31 as shown there. We have to determine i^q. 
Owing to ^-regularity we get 

d 2n 

V>(J(/i) • • • J{hn)) = r 2n — j—^Wihh) ■ ■ ■ W(t 2n f 2n )) \ t=0 

a ti • • • a t2n 

d 2n / 

'■-- 2 " -1> o <5( F(ti/i)(J(ti/i) + iy'Wihh) ■ ■ ■ W(t 2n f 2n ] 



dti • • • dt 2r , 

2n 

- Y,4>(ntifi)(J(tifi) + i)- x W{hf x ) ■ ■ ■ F(t k f k )W(t k fk) • • • W(t 2n f 2 

k=2 
2n 

k=2 

d 2n / \ 

• i2 " n T7 T—i>((J(hfi) + i^hWihh) ■ ■ ■ t k W(t k f k ) ■ ■ ■ W(t 2n f 2n )) 

dti • • • dto„ V / 



2n ) \t=o 



2n) \t=0 



dti • • -dt 2n 

2n 

= i 2 - £ tfWi WfcM W ■ ■ ■ J(f k ) ■ ■ ■ J(/ 2n )) 

k=2 

n 

cGP 2 n j=l 
n 

= [U E Il e ^ ff (j)'^(n+J))' 

where P 2 n = {c € S2n : c(l) < ... < a(n),a(j) < a(j + n),j = 1, ...,n}. By an analogous 
reasoning 

2n+l n 

</>Wl) • • • J(f2n+l)) = i" E EII MF(f«U)) F (f°(n+j))MJ(fk)), 

where P 2 fe n = {a e S^n+i : j = <r(j) < <r(j + n + l),j = 1, - 1; fc = a(k) < ... < 
a(n + 1), a(j) < a(j + n),j = k, ...,n + 1}. But 

MAf)) = HAf)) = Hs(F(f))) = o, 

so ipB vanishes on all monomials with an odd number of factors </(/). Thus, together with 
the above expression, we see that t/jQ is quasi-free, i.e., for all /j G 5(IR,]R rf ), 

n 

MJ{h)---J(f2n))= E HMJ(fv(j))J(L(n +j ))), 

°eP 2n j=l 

with two-point function 

(ft, f 2 ) e S(R,R d ) 2 ^ MJ(fi)J(f2)) = if fL). (3.11) 
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The functional ipg is now completely determined on the algebra of unbounded smeared 
fields. By assumption it is 5-regular and thus analytic, so it extends uniquely to a func- 
tional on the algebra of the bosonic free field 03. Since the two-point function of ipg 
coincides with that of the (quasi-free) geometric KMS state 4>jg on <B (cf. e.g. [CLTWllb, 
Sec.4]), which is also analytic, we see that it extends to the same functional on 53, so tpg has 
to be the geometric KMS state <]>&; in particular, ip = 4>b(34>f and dom(-0) D Q3Odom(0jr). 
Actually we may even choose dom(V>)/ = <A(I) due to local boundedness of ip on the local 
a- weakly dense *-subalgebra B(I) J 7 (I) C A(I). □ 



Supersymmetric free field in higher dimensions 

This subsection serves as an almost trivial illustration of many feasible generalizations to 
higher-dimensional (proper) spacetimes M instead of the light ray ~ R. Of course, more 
meaningful models should be studied in future. 

Let us consider re-dimensional Minkowski spacetime M, with spacetime regions given 
by double cones as usual |Haa92] : we may consider for every double cone an enveloping 
cube, given by I\ x ... x I n , and therefore let X n denote the set of direct products of 
bounded open intervals in R. The net An over X n here is defined simply as the graded 
tensor product net on T~L n = %® n of the construction in the preceding subsection with 
d = 1, namely 

/; 

An(h x - x In) := (g){n , B (W(f)),n P+ (F(f)) : / G <S(Ij,R)}", (3.12) 
i=l 

and so are the grading and translation automorphisms (diagonal translation): 

7 ( n ) = j (g) • • • <g) 7 , a[ n) =a t ®---®a t . 

In this case, the super- Virasoro generators are given by sums of the one-dimensional ones, 
in particular the local supercharge is 

Qhx...xi n = G(4> h ) + + G(<f> In ) 

and defines the super derivation 5^ corresponding to Q^x.-xlni as m Lemma 13.41 Then 
it is easy to see that the tensor product of the functionals in Theorem 13.71 defines an 
sKMS functional on the corresponding quasi-local algebra 2l n satisfying all properties in 
Definition 12.11 including local-exponential boundedness. 

Rational extensions of the free field net 

Let us consider the bosonic free field net B over R together with the whole construction 
in the preceding subsections setting d = 1. Its completely rational local extensions are 
classified in [BMT881 Sec.4] (cf. also [Xu05l Sec.4]) and given by nets B N on U® % ~ H, 
with N G N, where 

B N {I) := {B(f) : / G S(R)j, [ f G V2NZ}" , I G I. 

JR 

and B(f ) are unitary operators on defined in |BMT88l Sec. 3] (denoted there by the 
symbol V'p with p = f and £ = —1). They satisfy the relations 

B(h)B(f 2 ) = e 5 r (A.A) B(h + f 2 ), fi G «S(R) 7 , / /< G V2NZ, 

JR 
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with a certain real-valued function T as in [BMT88, (3.34)]. In particular, B{g') = W(g) 
up to a complex phase, for every g G 5 C (M), which shows that B(I) C Bn{I)- The 
automorphism group of translations acts by (B(f)) = B(f(- + i)), for all t G K, and 
the grading by -y N (B(f)) = B(f). 

As shown in [C LTWllaj . the geometric KMS state 4>b on 23 extends to the geometric 
KMS state 4>b n on 23 n by 4>b n ,i = 4>B,i Bn,i, where Enj : Bn{I) — > B(I) is the vacuum 
state-preserving normal conditional expectation. So as in [BMT881 Sec.6A], we have the 
explicit expression: 

fa • • • B{fn)) = { l B[B{h) • • • Wn)) ; g jj ^ = ° (3.13) 

Consider now the tensor product net An '■= Bn ® J 7 , which is an extension of the 
supersymmetric free field net A from the preceding subsections and hence superconformal 
again (with central charge c = 3/2), with the obvious choice of grading 7^ := id (8)7 and 
translation automorphisms : B(f)F(g) h-» B(f(t + -))F(/(i + •)); let 21tv denote the 
corresponding quasi-local C*-algebra and 

%N,o ■.= {B(f),F(g)(J(g)+i)- 1 :f,geS c (R), [ f e V2NZ}. 

Note that if / = g' for some g G 5 C (IR), then B{f) = W(g) (up to some phase factor), so 
5 n can be defined as an extension of S as follows: let Iq G X and /o, /io G <S(M) i Iq with 

J fo = v / 2~/V be arbitrary, and set 6 := B(fo). Every x G 21at,o can be written in the form 
b n y with unique n G Z and y G 2lo- Thus we define: 

dom(<5Ar) := * -alg{6 n y : n G Z, y G dom(^)} 

(which clearly contains both dom(<5) and 21tv,o) and 

n 

5 N (b n y) :=-J2 b^Fifo^y + 6 w ff(j/), (3.14) 

k=l 

which extends 5 and can be shown to be welldefined and to verify all conditions (i)-(iv) 
of super derivations of (2t/Vj7iV>a! )> for intervals I D Jo- 
Let i/j n := 4>B N ®(t>F on 21at with dom^iv) = 237vOdom(</>jr). Clearly, ip N tdom(V)= V>- 
Then, in view of (|3.13p and (|3.14|) we find ipN^N{b n y) = if n / 0, while ipN&N{y) = 
ipb~{y) = owing to the construction in Theorem 13. 7\ so ipN^N = on dom(<5Ar). The other 
properties of sKMS functionals are similarly straight-forward consequences of the sKMS 
properties for tp, so ipN is in fact an sKMS functional on 21 n- 

Theorem 3.8. Let An be the above superconformal BMT extension of the supersymmetric 
free field net and {%n ,1n ,ct N ,5n) the corresponding graded quantum dynamical system. 
Then the functional (ipN, dom(i/>jv)) is a nontrivial sKMS functional for (21 jv, 7jv, a , 5n), 
which coincides with tp in restriction to the free field subnet and verifies (S^) and (Sq). 

In particular, (21^,7^,0^,(5^) has precisely one KMS state, but also the above un- 
bounded sKMS functional for the superderivation (<5/v, dom(5jv))- 

Under an analogous ^-regularity assumptions as in the free field case, one obtains even 
the uniqueness of ipN- since ip extends in a unique manner to 21 n and since, in restriction 
to 23, every KMS functional on 23 at still has to verify the KMS condition, it follows that 
ipN is the only possible sKMS functional on 21at, but we leave to the reader to make this 
formulation more precise since we do not need it henceforth. The second statement in the 
theorem is just a consequence of complete rationality of the net An and the already cited 
fact from [CLTWllaj . 
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Examples through restriction 



Given the d-fermionic free field T from above, one may consider arbitrary superconformal 
subnets Q C T . Then one obtains a nontrivial unbounded functional for the quasi-local 
C*-algebra of the subnet simply by restricting (4>f, dom(0jr)). It satisfies properties (S*o)- 
(S3) and (Sq) by construction, in the same way as for the free fermion field. 

However, if we want compatibility with respect to a superderivation 5 on Q, note that 
5 has in general nothing to do with (j)jr but depends instead only on the subnet; hence, we 
cannot expect the compatibility conditions (54)- (S5) to hold in this case. Consequently, 
the JLO cocycle construction in the following section need not be applicable to those 
subnets, either. A typical example of Q consists in the supercurrent algebra nets, i.e., 
superconformal generalizations of current algebra nets associated to affine Lie algebras as 
studied algebraically in |KT85| and from the noncommutative geometry point of view of 
superconformal nets in [CHL121 Sec. 6]. 

The most fundamental (ungraded) local conformal nets are the Virasoro nets -4.vir,c 
with certain central charges c > because every conformal net contains a copy of one of 
them; their KMS states are discussed in [CLTWllb, Sec. 5]. For c < 1, Avir,c is completely 
rational, and for the particular value c = 1/2, it coincides with the fixed point subnet J 77 
of the d- fermion free field with d = 1. 

Corollary 3.9. Besides the unique (geometric) KMS state, the completely rational local 
conformal net *4vi r ,i/2 has a nontrivial nonpositive unbounded KMS functional. 

Proof. Let d = 1 and restrict the functional 4>jr in Theorem 13.31 to ft" 1 = 2tvir,i/2- It is 
unbounded and nonpositive and satisfies (So) — (S3), as can be easily checked based on the 
preceding results. In restriction to even elements, the sKMS condition becomes the KMS 
condition. Since J 77 = Ay^^/2 is completely rational, it has a unique KMS state 4> geo 
(cf. [CLTWllaj ). but furthermore, as just seen, at least one nontrivial (locally bounded 
and normal) unbounded KMS functional 4>jr\$~, / 4>g eo with local domains dom(<pjr^)f = 
dom(^)J=^(/) 7 . - > ^ 



Super- Virasoro nets 

Returning to superconformal nets, consider the supersymmetric free field A = B <S) J~ 
discussed above, with d = 1 here, and as always on the vacuum (Fock) space %. By 
definition (in Section [2} of superconformal nets, it contains the super- Virasoro net .Asvir,c 
with central charge c = 3/2 as diffeomorphism-covariant subnet, with super- Virasoro 
generators L(f),G(f), for / £ 5 C (M), as introduced in (|C.5p and (|C.6p in Appendix 
lG2l The construction in [BSM901 (4.6)], |Car041 Sec.4] and [CLTWllbl p.793] inspired 
moreover to the following modification: for every s > and / G 5 C (]R), let 

L s (f) := L(f) + sJ(f') + il / /, G s (f) := G(f) + 2sF(f). (3.15) 

Since this example is not of our main interest, we skip the lengthy analytical details, and 
just keep on record that the new fields L s , G s satisfy again the super- Virasoro commutation 
relations (|C.5p . but now with central charge c s = 3/2 + 12s 2 . They give in fact rise to a 
the super- Virasoro net -4svir,c s ■ It has the same grading 7 and translation action a as A 
and -4.svir,c s (-0 C A(I), for every I £ I, but for s / the dilation actions are different, 
whence -4svir,c 3 is not a conformal subnet of A in the strict sense [Car04, p. 277]. 
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All Asvir,c a (I) inherit the superderivation 6qj (Lemma I3.4|) from A(I) with dense do- 
mains dom(5Q J ) R^lsvir,c s (^) C ^4svir,c 3 (^)) which is shown in [CHKLlOl Sec. 5]. Although 
dom(5g / ) n v4svir,c s (-0 C ^4svir,c s (I) is a- weakly dense, recalling (|3.9p we cannot even say 
whether dom(5j) D »4sVir,c s (-0 is nontrivial, i.e., larger than CI. Since tj)j is constructed 
w.r.t. 5i and not Sqj , we have to choose for <5svir,c s the restriction of 5 to the super- Virasoro 
net, i.e., 

dom((5 S vir, c J = |J dom((5 S vir, c J/, dom(5 S Vir, c J/ = dom(5/) n -4svir,c s (-0 , 
lei 

whence (S4) continues to hold but the denseness properties in (m), (iv) and (S' 4 ) might 
unfortunately fail for the present model. We expect this to be a very technical issue, which 
we have not been able to treat so far. Nevertheless, we can say 

Theorem 3.10. Let Asvh,c be the super- Virasoro net, withe > 3/2. Then the correspond- 
ing restricted quantum dynamical system (2lsvir,o 7> a i <%Vir,c) has at least one nontrivial 
sKMS functional, namely the restriction ip fa SVir c ndom(V0 °f the unique 5-regular sKMS 
functional ip of the free field, satisfying (Sg) but not necessarily (S'4). 

Proof. Let ip be the sKMS functional of the free field net A from Theorem 13. 71 Owing to 
local normality and local boundedness of ip, it restricts to a nontrivial locally normal and 
locally bounded functional on 2lsvir,c- Since the translation action a and the superderiva- 
tion 5svir,c are just restriction to that subnet, we have im(5svir,c,/) C dom(^ f^ SVil . c m); 
moreover, the supersymmetry relation, the sKMS property, local-exponential boundedness 
and normalization are also a trivial consequence of the restriction procedure. Since ip is 
locally bounded, we see that dom(?/> \% aVil c ndom(V')) contains the *-algebra generated by all 
local algebras -4.svir,c(-0 C A(I), which in turn is norm-dense in the quasi-local C*-algebra 

2tsVir,c □ 



4 JLO cocycles and deformations of super-KMS functionals 

Given an sKMS functional for a graded quantum dynamical system, Jaffe, Lesniewski 
and Wisniowski have found a natural way to associate an entire cyclic cocycle [JLW89J, 
generalizing their famous construction of JLO cocycles for super-Gibbs functionals with 
supercharges |JLQ88j . Unfortunately, [JLW89] works only for bounded sKMS functionals, 
which for the translation group under usual assumptions do not exist [BLOOj. Buch- 
holz and Grundling showed, however, that in a special model a certain local-exponential 
bound is satisfied, which permits to associate an entire cyclic cocycle again, although in- 
volving certain analytical difficulties [BG07J. Here we would like to generalize the latter 
result to sKMS functionals as in Definition 12.11 for the graded quantum dynamical systems 
(21,7, (,&t)teR,5) of a graded-local conformal net A on R with respect to the translation 
group action; moreover, we would like to show homotopy invariance of the cocycle as 
suggested in j JLW89] . Recall from the Introduction that this holds in fact for graded 
translation-covariant nets over more general spacetimes. 

Given a normed algebra (A, \\ ■ ||*), we recall that the induced norm of an n- linear 
functional p n on A is 

n n \p n {xQ,...,x n )\ 

\\Pn\\* = SUp j |i i| 1— . 

Xi£A ll-^Oll* ' ••• ' H^nH* 

The following adaptation of entireness to the locally bounded setting is taken from [BG07, 
Def.6.2]. 
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Definition 4.1. A local-entire cochain on a *-subalgebra A C 21 is given by a sequence 
(Pn)n£No °f w-linear functionals on A with norm || • ||* such that 

lim n 1/2 \\p n \Ar\A(l) ll* /n = 0, I el. 

n—too 

The even cochains are those with p2n+i = and the odd cochains those with pi n = 0, for 
all n G No- A local-entire cochain is a local-entire cyclic cocycle if dp = 0, where d := B + b 
maps even into odd local-entire chains and v. v., and 

n-1 

bp n -i(x , -.,x n ) := y^(-iy p n -i(x , ...,XjXj+x, ...,x n ) + (-l) n p n - 1 (x n x ,x 1 , ...,X n -l) 

3=0 
n 

Bp n+1 (x ,...,x n ) := y^(-l)" J p ra+ i (l,Xj , Xj-i), Xi G A. 

3=0 

We consider for A the *-algebra dom(<5°°)c with the graph norm || • ||* := || • || + ||<5(-)||. 
Given t G M, write 

A l n := {s G 1" : < sgn(t)si < ... < sgn{t)s n < \t\}, 

A n := Ajj and the tube T n := {s £ C" : 9(s) G A n } generalizing the strip T . Then the 
first fact is 

Proposition 4.2. Given a local- exponentially bounded sKMS functional <f> for the graded 
quantum dynamical system (21, 7, (oct)teS., 8), the expression 

r n (x ,...,x n ) := anal. contt_j.i / (f>(x a Sl t(5(x 1 ))...a Snt (5(x n ))) d n s, xt e dom(5°°)2 , 

is well-defined and gives rise to an even local-entire cyclic cocycle (r n ) ng 2N on dom(5°°)2, 
called the JLO cocycle 

For the proof of this proposition in Appendix 10.31 and the other constructions of the 
present section, we shall need the following two statements that have been obtained in 
[BG071 p.742]: 

- for all I G X and Xi G dom(^»)/, the function 

s G M. n h-> 0(x O Q!ai(a?i) • • • u Sn (x n )) (4.1) 

extends to the tube T n (with the extension performed recursively in the n variables 
as in fBGQZ]); 

- there are constants C\, C2 > such that, for all n G No, x% G dom(^)/ and s G T n , 
we have 

\<t>{x a sl { Xl ) ■ ■ ■ a Sn (x n ))\ < C X e ^(IH+i)^+l) e C 2 (]/] + i) E1U -J . . . W> 

(4-2) 

and for simplicity we will assume C\ = 1 henceforth, which can always be achieved 
by rescaling C2. 

These two facts are crucial in establishing the well-definedness and local-entireness of r. 

Let us study the general situation of a perturbation of a given graded quantum dynami- 
cal system 
(21, 7, (at)teR, 5) by an odd element Q G dom(<P°) c . The ideas and proofs are partially 
adaptations of [JLW89J using results from |BG07| . Since they are lengthy and technical, 
we postpone them to Appendix IC. 31 and refer to jBG07] whenever possible. 
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Proposition 4.3. For every I £ I and Q £ dom(5°°)i and r £ [0, 1], let 5 r := 5 + r &d(Q) 
and a r := r6(Q) + r 2 Q 2 £ dom(5 00 )/. Let <j> be a local- exponentially bounded sKMS 
functional for (21, 7, («t)teK) $)• Define formally 

a r t (x) := S~] i n / ad(a Sl (a r )) • • • ad(a Sn (a r ))(a t (x)) d n s, 
neNo « 

and 

7[(x) := y~] i n / a Sl (a r )---a Sn (a r )a t (x)d n s, x E dom(</>) c , t£R. 

/A* 

T/ien eac/i 0/ the summands lies in dom(5°°) c if x £ dom(5°°) and {a r t )t<^ is a 0-weak 
one-parameter group of automorphisms in the following sense: the formal sum (j)(xal(y)z) 
converges, for every t £ R, x,z £ dom(</>)/ and y £ dom(5°°)j, it is continuous in t, and 
4>{xa r tl+t2 {y)z) equals (f>{xa r tl {a r t2 {y))z), for allt,ti,t2 £ R; moreover, a T t commutes with 
7 and satisfies the following estimate: 

(t>[x(a r t (y) - a s t {y))z 



2 ,2 



<4| S -r|(||<J(Q)|| + ||Q 2 ||)|t|e 4CS »( 1 +l J l+* 2 ) 2 e 2(^)(P(Q)ll+IIQ 2 ll)^ (1+|/|+t > \\ x \\\\ y 

with M r = 2||a r || e c ''* +/ ' P . Analogously, (jt)t&& * s a 4>-weak one-parameter group of vector 
space homomorphisms in the following sense: the formal sum (j)(x^(y)z) converges, for 
every t £ R, x,z £ dom(^)/ and y £ dom(5°°)/, it is continuous in t, and 4>{x^l 1+t2 {y)z) 
equals </>(x7[ 1 (7J {y))z), for all Mi^2 E R; moreover, 7^ commutes with 7 and satisfies 
the following estimate: 



< 4 | S -r|(||5(Q)|| + ||Q2||)| t | e 4C7 2 (l+]/] + ^)^ e2 (r +S )(|| 5 (Q)|| + ||Q^|)e^C 1+ |x| +t 2 ) 2 



Definition 4.4. Given a graded quantum dynamical system (21,7, (&t)teR,8) and an odd 
element Q £ dom(<5°°) c , let 

5 r := <5 + rad(Q), re [0,1]. 

Then (21,7, ( a t )teK> °~r), for every r E [0, 1], is called a perturbed graded quantum dynam- 
ical system. If <f> is an sKMS functional for the original system, then the corresponding 
perturbed functional is given by 

4> r {x) := (/>(x7j r (l)) := anal, cont^i (j){x^l (1)) , x E dom(0 r ) c = dom(</>) c . 

Note first that t £ R 1— > 7^(1) need not be analytic nor extendable to C, but the 
above expression is just a sloppy notation for the analytic continuation of the composed 
function t h-> 0(ar)£(l)) as discussed in (|4.ip and (|4.2p : we shall make repetitive use of this 
abbreviation. Second, for r / 0, a r loses its geometric interpretation: in general, 

a r t (A(I))<£A(t + I), t £ M., I £ Z. 

Only for / sufficiently large and t small such that Q £ A(Io) and Iq C I H (t + I), this 
inclusion may still hold (4>- weakly) . 

Proposition 4.5. Suppose <j) is a local- exponentially bounded sKMS functional for 
(21, 7, (at)j e iR, J). The perturbed functional ((j) r , dom((/> r )) is a well-defined sKMS func- 
tional with respect to the perturbed system (21,7, ( a t )teR> ^r)> ^ * n general neither local- 
exponentially bounded nor locally normal. 
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We are now ready for the main result of this section: 



Theorem 4.6. Given a local- exponentially bounded sKMS functional <p on 
(21, 7, (at)teR, 8), the even JLO cochain r over dom(5°°)c is a local-entire cyclic cocycle. 
Moreover, it is homotopy-invariant: given an odd Q G dom(5°°) C; the perturbed Junctionals 
<jf give rise to JLO cocycles r r again, which are cohomologous, for all r £ [0, 1]. 

Example 4.7. Free field net and its rational extensions. The supersymmetric free field 
and an associated sKMS functional and JLO cocycle have been extensively studied in 
Section [3J in particular in Theorem 13,31 and we refer to the notation introduced there. 
One can define the JLO local-entire cyclic cocycle r on dom(<5°°)7- While in [BG07, 
Sec. 6] we find a JLO cocycle in the *-algebraic context for an algebra on which 5 is not 
(<r-weak)-(<7-weakly) closed, we adapted the construction there to the structurally more 
suitable algebra dom(<5°°) 7 , in particular in view of Example 14.81 
The JLO cocycle is nontrivial because 



owing to the normalization condition (S3) on <j). 

An example of an admissible perturbation which leaves the class of r invariant is given 



with arbitrary but fixed f,h€. «S(K) C . This perturbation is selfadjoint, odd, localized and 
smooth, i.e., Q G dom(<5°°) c . The last two statements follow from Proposition 13.61 

It seems interesting to study explicit (co-)homology classes and understand their phys- 
ical meaning. However, the computations seem very tedious and are left for future investi- 
gation. The conceptually interesting elements investigated in [CH L12| Sec. 5] or |CCHW12"j 
Sec. 4] are unfortunately global, hence not in 21, and not applicable here. 

Obviously, we may replace the free field net by its rational extension as discussed in 
Theorem 13.81 an d all the above results concerning the JLO cocycle and perturbations 
extend to that setting. 

Example 4.8. Super- Virasoro net. Since the super- Virasoro net with central charge 
c > 3/2 is a subnet of the free field net, this example becomes a consequence of the 
preceding one by restriction to 2lsvir H dom(<5°°) c . Note that also the perturbed cocycle 
defined by the perturbation Q in the preceding example restricts to a local-entire cyclic 
cocycle on 2lsvir H dom(<P°) c , which is cohomologous to rgvir- Whether rsvir is really 
meaningful and whether there are possible perturbations in 2lsvir H dom(5°°) c depends on 
whether .Agvir(-f) n dom(<5°°) c C „4gvir(-0 is actually bigger than CI. We expect this to 
be true, but a proof is missing so far. 

Appendix 

A A generalization of Araki's criterion on quasi- equivalence 

Let fC be a complex Hilbert space with selfadjoint involution V and use the notation for 
quasi-free states as at the beginning of Section [3j Write L l {K,) C B(K) for the ideal of 
trace-class operators on 1C. 

Theorem A.l (Araki |Ara70| ). Given two selfadjoint operators R, S € B(IC) such that 
< R<1,0 < S <1 andR + TRF = S + VST = 1, assume that 



r(l) = T (l) = 0(1) = 1 



by 




a t {(J(f) - i^Fif^Jif) h(t)dt 



(S 
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Then the GNS representations ir ( j )R and of the two quasi-free states (fin and (fis aT & 
quasi- equivalent. 

Recall the following useful reformulation of [KR86, Prop. 10. 3. 13]: 

Lemma A. 2. Let 21 be a C*-algebra. If <fi,ip are two states on 21 such that tt^ and are 
quasi-equivalent, then ifi is normal in the GNS representation ir^, and vice versa. More 
precisely, there exists a normal state ifi 0/^(21)" such that ifi = ifi o tta. 

The last part of this lemma makes also sense when ifi is no longer a state. We may 
then ask whether it is also possible to adapt Theorem lA.ll to the case when (fis is no longer 
a state. In a weak version this is in fact possible: 

Theorem A. 3. Given two selfadjoint operators R, S £ B{1C) such that < R < 1 and 
R + TRT = S + VST = 1, assume that 

{S-R)e L^JC). 

Then the quasi- free functional (fis on CAR(/C, T) is bounded and normal in the GNS rep- 
resentation of the quasi-free state (fin. 

We shall use and prove Theorem I A. 3 1 in the following equivalent formulation: 

Theorem A. 4. Given two selfadjoint operators T £ L l (JC) and R £ B(fC) such that 

T + TTT = 0, R + TRT = 1, 0<R<1. 

Then the quasi-free functional 4>r+t on CAR(/C,r) is bounded and normal in the GNS 
representation of the quasi- free state <f>R. 

Proof. (1) Decomposition of K. Let S := R + T £ B(fC); it is selfadjoint and thus gives 
rise to a decomposition of K, into spectral subspaces: letting 

Pq '■= X(-oo,0)(S), Pi ■= X[0,1](S), P2 ■= X(l,oo){S), 

the projections Pi are mutually orthogonal and Pq + P\ + Pi = 1. We set /Q := PifC, so 
fC = /Co © fCi © JC2 and split S accordingly into the sum of 

So := SP < 0, < S 1 := SP 1 < P u P 2 < S 2 := SP 2 . 

The operator S := TST = 1 — S has the same spectrum as S and gives therefore rise again 
to spectral projections Pi = TPiT. We find 

rPoP = X(-oo,o)(r5T) = X(~oo,o)(i - s) = x(i,oo)(S) = P2 

and analogously TPiT = P\, so T/Co = K, 2 and TK.\ = tC\. Moreover, 
S 2 + So = Po, Si + Si = Pi, So + S 2 = P 2 . 

We set 

X:=Si + P 2 , Y := So + S 2 - P 2 = S -{Si + P 2 ) 

and note that they are selfadjoint, < X < 1, TXT = 1 — X and TYT = — Y . X may be 
regarded as a "truncation of S between and 1". 
(2) Claim: we have 

X-RGL 1 ^) and Y G L 1 (/C). (A.l) 
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Since X — R — T = —Y and T G L 1 (/C), it suffices to show Y G L 1 (/C). Moreover, since 
rScT = P2 — S2, it suffices to show So G L l {JC). We have 

>Po(« + T)P = Po^o + ^oTPo, 

where the first term on the RHS is positive and the second one therefore negative; in other 
words 

< PqRPq < -PqTPo G L\K), 

so PqRPq being dominated by a trace-class element is trace-class, too, and so is So = 
PqRPq + P TP . 

Since So and S2 — Pi are selfadjoint and trace-class, they can be assumed to be di- 
agonal, and thus also S2. Write S' for the diagonal operator which coincides with So 
on the subspaces of spectrum C [—1/2,0] and equals (—1/2)1 on the (finite-dimensional) 
orthogonal complement. Analogously define S' 2 — Pi and Y' := S' + S' 2 — P2, which has 
spectrum in [—1/2,1/2]. Clearly they are again trace-class and X — Y' gives rise to a 
quasi-free state on CAR(/C,T). 

(3) Claim: 

4>X-Y' - 4>X ^ 4>R- (A.2) 

In particular, 4>x-Y' i g a state and normal with respect to the representation defined by (j)R 
according to Lemma \A.2[ In order to show the quasi-equivalence of the quasi- free states, 
we just have to check Araki's criterion in the present case. We have 

\\{x -Y') 1 / 2 -x^wl < \\(x-y')-x\\i = ||y'||i <oo, 

using (2) in the last step and the Powers-St0rmer inequality in the first step, which says 

ll^-y^lll^lk-ylli, 

for all x, y G 5(/C)+, [PS7U1 Lem.4.1]. A similar reasoning shows <f>x — <Pr- 

(4) Eigenspaces ofY. Write P02 := P0 + P2 and consider the orthonormal basis (e 3 -) 3 - e j 
of P2IC of eigenvectors of S'2 — Pi, with eigenvalues \j > 0. Then (e 3 -, Tej)j^j forms 
an orthonormal basis for P02IC of eigenvectors of Y with eigenvalues ±Aj, respectively. 
Clearly they are also eigenvectors of the truncation Y' . We remark that Pq and P2 are 
basis projections on Po2^- in the sense of |Ara70[ Sec. 2]. 

(5) Reduction to subalgebras. We have to show that (ftx+Y is bounded and that it is 
normal in tt^ r or, equivalently according to (3), in n^ x _ Y , . To this end, it suffices to show 
that there is a constant c > such that 

\<Px+y(x)\ <c-cf> x _ YI {x), xGCAR(/C,r)+. 
Notice that the *-algebra 

B := *-alg{F(/) : / G {e j ,Ye j : j G J} U JC\} 
is dense in CAR(/C,T), so B + C CAR(/C,T) + is dense, and it suffices to show 

\<px+Y(b)\<c-0 X -Y>(b), beB + . (A.3) 
We define the *-subalgebra 

A := *-alg{F( ei )*F(e,),F(/) : j G J, / G £1}. 
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From the canonical anticommutation relations one deduces that A is isomorphic to the 
algebraic tensor product 

(O *-alg{F(e,)*F( ej )}) ( *-alg{F(/) : / G Ad}) ~ (C 2 )© N *-alg{F(/) : / G Ad}, 

while i? as a vector space is isomorphic to the tensor product of all * -alg{i ? (ej)} ~ M2(C) 
and *-alg{F(/) : / G Ad}, and 4>x+Y \b and 4>x-Y' \b split as product functionals 
according to this tensor product decomposition of B. 

We would like to construct a projection from B onto the subspace A <Z B compatible 
with this factorization. Fix the orthogonal projections pj$ := F(ej)*F(ej) and pj t ± := 
F(ej)F(ej)* = 1 — Pjfl in * -alg{i ? (ej)*F(e :) ')}. Given any b £ B, we can always write it 
as a finite sum of elements of the form 61 6 2 ■ ■ ■ 6 n 6' owing to the tensor product property, 
with some finite n and with bj G * -alg{F(ej)} and 6' G *-alg{F(/) : / G /Ci}. Then we 
define 

77(6162 • • • 6„6') := X] ' ' ' Pn ^ ( blb2 ' ' ' b ^ b ')P*n,k n ■ ■ ■ P*M ■ 

fce{o,i} n 

It is obvious from this definition that rj extends to a completely positive map on B, that 
all pj & commute, 

n 

7?(6i6 2 6 3 • • • b') = Y[(Pj,objPj,o + Pj,lbjPj,i) ■ b' = 77(61)77(62)77(63) ■ ■ ■ 77(6'), 
j'=i 

so 77 factorizes according to the tensor product decomposition, and on every single compo- 
nent it is a projection, thus rj 2 = rj on all of B with rj(B) = A. Now, letting for a moment 
stand for either of the two (px+Y \b or 4>x-Y' \b, we have 

0(77(AiF( ej )*F( ej ) + A 2 F( ej ) + A 3 F( ej )* + X 4 F( ej )F( ej )*)) 
=<t>(\iF{ejYF{ej) + A 4 F( e ,)F(e,)*) 

=<A(AiF( ej )*F( ej ) + A 2 F(e,) + A 3 F( ej )* + X 4 F(e 3 )F(e 3 y) , 

for all Aj G C and j G N, and, since splits as a tensor product functional, 

^7(6162 • • • 6') =0(77(61)77(62) • • • 77(6')) = M&i)07?(6 2 ) • • • 07/(6') 
=0(6i)0(62) •••0(6') = 0(6i 6 2 ---6'). 

Therefore 0r/ = and we can write 6 = rj(b) + k with fc := 6—77(6) G ker(0); in fact, we have 
6 — 77(6) G ker(0x+y) H ker(0x~y)- Now since (frx+Y V = 0x+Y and 4>x-Y' V = 4>x—Y' 
on i? and 77 is positive, it suffices to check boundedness and (|A.3p for x G A + . 
Finally, write A = A Q2 A\, with A 02 := * -alg{F(ej)*F(ej) : j G J}, so 

0x+y U= 4>p 02 (x+y) U02 ®0Pi(x+y) Ui, 0x-y \a= 4>p 02 (x-y') \a 02 ( ^4 i p 1 (x-y') Ui • 

Since P\{X+Y) = P\{X — Y'), which gives rise to a state, <ftx+Y \a and 4>x-Y' \a coincide 
on the second factor A\. Thus we just have to check that 4>p 02 (x+Y) \a 02 1S bounded and 
satisfies (|A.3j) for 6 G A)2,+ - 

(6) Claim: there is a constant c > such that 

\</>p 2(x+Y)(a)\ < c\(/>p 02 (x-Y>)(a)\, a£A 02i+ . (A.4) 
We prove this on monomials of the form 

« = Pk u ■ ■ ■ Pk n ,0Pk n+1 ,l ■ ■■Pk n+m ,l, 
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which implies that it holds for arbitrary elements in Aq2,+, which can always be written 
as linear combinations of such monomials with positive coefficients due to commutativity 
of A 02 . 

Let J2(a) = {ki, k n } and Jo (a) = {k n +i, k n+m } be the set of indices j occurring 
in the product expansion of a and note that they are disjoint; let Jq 2 (a) C Jo,2(o) be the 
subset of those j with < Xj < 1/2. Moreover, independently of a, define the constants 
c_|_ := Iljej-A >i/2(l + ^i) 2 an d c - := rijej-A >i/2 which are finite since the products 
contain only finitely many factors (owing to the trace-class condition on Y). With these 
premises, we get 

\^ X+Y {a)\=\ (-A;)- II (1 + Aj)! < c+| (-A,)| ■ \{ (1 + A,) 

jeJo(a) jeJ 2 (a) j6J£(a) j'eJ£(a) 

<c + n Ve 2tr ^D {l-W<f«MWc~<l>x-Y>(a). 

j£J' Q (a) jeJ^a) 

The one but last inequality is true because (1 + A) < e 4A (l - A), for all < A < 1/2, and 
2^2 j £ j Xj = tr(|Y|) < oo. Setting c := e 2tT ^ Y ^ c + c_, claim (6) is proved. 

(7) Conclusion. According to (3), <ftx-Y' an d <j)R are relatively normal. On the other 
hand, (5) and (6) show that <f>x+Y is normal with respect to aj>x—Y' an d bounded by the 
latter on B + , so that it extends to a bounded functional on CAR(/C,T) which is normal 
with respect to (f>x-y- Thus 4>s = 4>x+Y is normal in the GNS representation of 4>r. 

□ 



B Super-KMS functionals for graded-local conformal nets 
over S 1 

Let £>5 be a local conformal net over S 1 (cf. e.g. jFG93]) and C^ n (Bs) its locally normal 
universal C*-algebra [CCHW121 Sec.3]. We write lj : B S (I) -»■ C^{B S ) for the natural 
inclusions, but often drop them when no confusion is likely. A natural symmetry group 
here is the rotation group T, whose generator is the conformal Hamiltonian Lq. Its action 
by *-automorphisms, however, is periodic and not ergodic, so on the one hand we cannot 
expect any clustering property, on the other hand Proposition 12.31 does not apply in this 
setting whence bounded sKMS functionals in the graded-local case may become possible. 
It is known that in a given irreducible locally normal representation tt in this setting, 
e~ L o is trace-class, and any KMS state on 7r(C* n (£>s)) ~ has to be the Gibbs state 

tr^-e^o) (up to normalization), cf. |Haa92l Sec.V.l] together with |CCHW121 Th.2.11]. 

In the case of a graded-local net As over S , we have a similar result, with a similar but 
more involved argument, which we would like to sketch. The representation structure of 
As in relation to ^4^ has been determined in [CKL08, Sec. 4. 3] from where we are going to 
recall a few facts now. As has Neveu-Schwarz and Ramond general representations, which 
are actually all proper representations of the 2-covering A s . Thus instead of C*(As) we 

(2) 

have to choose C*(A S ) as the universal C*-algebra, which is defined in an analogous way 

(2) 

as C*(Bs) by means of its universal property for representations of A s . We continue to 

(2) (2) 

use the same symbol for representations of A s and of C* (Ah ) • Restricting an irreducible 

representation tt of A s to A'g, we obtain either a direct sum of two inequivalent irreducible 
representations p and p7 of A'g, with 7 the dual of the grading (cf. [CKL081 Sec. 2. 5] 
or [CHL12, Sec. 2]), or one irreducible representation p ~ pj, depending on whether ir 
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was graded or ungraded, respectively. V.v., extending an irreducible representation of 
Alg to Ag by a-induction, it is either irreducible or the direct sum of two ungraded 
representations which restrict to the same representation of Ag. One then realizes that if 

A K s> has mi graded and 777-2 ungraded irreducible representation classes, then A'g has n = 

2m\ + ^7772 classes of irreducible representations. We denote the mi classes of irreducible 

(2) 

graded representations of A s by A 7 . Neveu-Schwarz representations are always graded 
while Ramond representations may be graded or ungraded. 

We define the universal locally normal representation TT\ n of C*(A S ) as the direct 

(2) 

sum of GNS representations (over all states of C*(A S )) which are locally normal. It 
is quasi-equivalent to the direct sum of irreducible GNS representations with only one 
representative for each equivalence class. This latter sum is finite iff m = mi + 7772 is 

finite iff 77 = 2?77i + ^7772. If A s is completely rational, then 7771,7772,777 are therefore 

(2) (2) 

finite. Writing C* n {A^ J ) = 7Ti n (C*(^ ; )), we have in fact the following modification of 
[CCHW121 Th.3.3(3)]: 

Proposition B.l. Let As be a graded-local conformal net with A s completely rational. 

(2) (2) 
Then C* n (A s ) is weakly closed and hence C\ n (A s ) ~ B(T-L)® m , with m the number of 

(2) 

equivalence classes of irreducible locally normal representations of A s . 

(2) 

Proof. Let ir be a locally normal irreducible representation of A s , so H w ~ If it is 
ungraded, then p = ir [^7 on % p = H n is irreducible again and 

B{Hk) = B{U p ) = 7r(C^(AD) C vr(C7 n (4 2) )) c bch^), 

the equality being proved in [OGHW121 Th.3.3(3)], so 7r(q* n (^ 2) )) = B(H n ). If vr instead 
is graded, then 7r|_47 decomposes into the direct sum p © pj of two irreducible representa- 
tions, so 

B(U p ) © B{%^) = ACKAD) C 7r(Cf n (4 2) )) C B(H«). 

Furthermore, given I £ I, A s (I) is generated by A S (I) and any odd selfadjoint unitary 
v G A ( s\l) (cf. [CKL081 Sec.2.6]), so 

with some unitary v\. Since tt(v) and B(T-L p )®B(7i p x / ) together generate BiT-i^) = B(7i p Q) 
Utf\ we find B(n„) C ^C^Af)). 

(2) 

The universal locally normal representation of C\ n (A s ) is quasi-equivalent to the 

(2) 

direct sum of the mi graded and 7772 ungraded irreducible representations, so Cf n (A s ) ~ 

5^)ffi(mi+tn 2 ) i □ 



We would now like to study bounded sKMS functional on Cf n (A s ) with respect to the 

(2) 

rotation group action a, i.e., locally normal bounded selfadjoint functional on C* n (A s ) 

satisfying properties (S3) and (£2) (or equivalently (S' 2 )) with a the canonical rotation 

(2) 

action on A s , dispensing with (S4) and (£5) for the moment. For the proof we shall need 

Lemma B.2. Let Bs be a local conformal net and ip a locally normal faithful KMS state 
on C\ n {Bs) w.r.t. rotations a. Then for every I EX, the GNS representation of ib \s s (i) 
on coincides with the GNS representation of tp on %^ restricted to Bs(L). 
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Proof. Fix I E X. The GNS representation of ip \b s {I) on ^V/ * s c l earr y a subrepre- 
sentation of the GNS representation of ij) on rl^p restricted to Bs(I)- We show that they 
actually coincide. 

To this end, let ^ 6 7^ C be the cyclic vector for ^ \b s (I)-> which coincides 
with the cyclic vector £^ of (C[* n (£>,$), Suppose now there is 77 G orthogonal to 
Bs(I)£ip = Hipi C Then there is y £ C^ D (Bs) such that r\ = y^; and, for all Io C I 
and x 6 Bs(Io) and s G (— 7T, 7r) such that s + lo C /, we have 

= (r],a s (x)^) = (^,y*a s (x)^} = ip(y*a s (x)). 

Owing to the KMS property of if), this is the boundary value of an analytical function 
on the strip {z g C : < 3z < 1}. It follows that s € R \-t ip(y*a s (x)) has to be 
identically 0, so 77 is orthogonal to Bs{Iq + s)^, for all s£K. Thus the projection p onto 
this space has to lie in Hsgk L io+s(^s(Io + •?))' = i?(C* n (,6,s)); upon taking the quotient 
by keiip we may assume that tp is faithful on C* n (Bs), so separating for Cj* n (/3s) and 
thus for C*{lj 0+s (Bs(Io I s)) : s £ M}. Consequently, p has to be 1. Therefore, 77 = 0, so 
H-tjjj = H^p and our claim is proved. □ 



Proposition B.3. Let As be a graded-local conformal net over S such that A s is com- 

(2) 

pletely rational. Then every bounded sKMS functional on C* n (A s ) with respect to the 

rotation group is a linear combination of the super-Gibbs functionals tr(r 7r 7r(-) e~ L o ), 

(2) 

with [tt] 6 A 7 and G Ti(C* n (A s )) the grading unitary of 7r. 

Proof. Since (ft is locally normal by assumption, so is \(p\, and the latter is in fact normal 
owing to the preceding lemma. This in turn implies the normality of <fi = \<j)\(w-), with a 
certain isometry w £ C^ n (Bs)" ■ 

The nontrivial gradedness of <p implies that it vanishes on all components in the sum 

(2) (2) 
C* n (A s ) = B{T-L)® m corresponding to ungraded representations of A s . Let fa denote the 

(2) 

restriction to the i-th graded component Tii(C*(A s )) ~ B(T-L ni ) with ~ % as always. 
Then fa has to be of the form |</>|(uj-), with Vi a partial isometry in B(H). Furthermore, 
\fa\ restricted to the even subalgebra 

n{c*{AD) = { P ® ri){c*{AD) = P {c*{AD) © P i{c\AD) ~ b(h p ) © B(n^) 

is a bounded normal positive KMS functional [BL00, Lem.2]. Thus it has to be in fact a 
multiple of the Gibbs state associated to p\ © P2, cf. [Haa92, Sec.V.l]. (The second and 
third equivalence in the above expression are shown in [CCHW12"| Sec. 2], and pi, P2 = P17 
are the irreducible representations obtained by restricting the graded irreducible 7Tj.) This 
implies = Aj e~ L o > 0, with Aj a positive real number. (Dropping the faithfulness 
assumption on \fa\ on B(7i w ), we may also allow a-i = 0.) 

It remains to determine Vi. Letting T ni denote the grading unitary in the representation 
7Tj (which commutes with e ° ) 5 the sKMS condition on fa implies 

tr(vixye- L ° l ) = tr(viT Wi yT Wi e" L o' x) = tr^^r^e" 1 ^), X} y e B{U), 

so T 7ri VixT 7Ci = xv{. Choosing e.g. the standard system of matrix units in B(T~L), we find 
V{ = ±r^ t . We conclude: 

mi 

= ^/ Ji tr(r^vr i (-)e- L o l ), 
i=i 
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with certain m = ±Aj G R such that </>(l) = 1: a linear combination of super-Gibbs 
functionals. The normalization is possible since all </>i(l) are finite, and nonzero at least 
when 7Tj is the vacuum representation. □ 



From the proof we obtain 

Corollary B.4. The space of bounded sKMS functionals with respect to rotations of a 
graded-local net As with A s completely rational forms a hyperplane in R mi . 

We finally remark that for those sKMS functionals coming from Ramond representa- 
tions, there is a canonical superderivation (namely the one implemented by the operator 
Gq in [CHK LlOl Sec. 4]) verifying in fact properties (S4) and (S5). 

C Some technical proofs 

In the following proofs, we keep the notation used in the corresponding theorems and 
sections. 

C.l Proofs for Section [2] 

Proof of Proposition [2721 Suppose <j) satisfies (S^)- Given x,y G 2l aj 0, define 

H x , y (t) := (f>{xa t {y)) - F x>y {t), t G T 1 . 

Then H x ,y is continuous on T , analytic on the interior of T , and on R, so H x ^ y = 
owing to the edge-of-the- wedge theorem BR07 Prop. 5. 3. 6]. This implies in particular 

4>(xoLi(y)) = F X} y(i) = <f>(yy(x)) 

and \cl>{xa t {y))\ = \F x>v {t)\ < 0,(1 + TO|) P0 , t G T 1 . 

Vice versa, suppose 4> satisfies (S' 2 ) and (Sq). Given x,y G ^i a ^nA(I), define 

G x , y (t) := e~ 2C ^ 1+ ^ t2 </>(xa t (y)), t G T 1 . 

It is continuous and bounded on T 1 owing to the exponential damping factor and the 
growth condition in (S' 2 ), and it is analytic on the interior of T ■ Thus 

F x>y (t) := </>(xa t (y)), t G T\ 

satisfies the conditions in (82)- Consequently, also (S7) and (5s) hold on ^i a ,<i> H A(I) so 
far. 

Given now arbitrary x,y G dom(</>)/ = A(I) with ||x|| = \\y\\ = 1, choose sequences 
i n , y n G 2t Qj( ^ n A(I) such that 

\\x n \\, hnW < 1) x n -)■ x, y n ^y (cr*-strongly), n -)■ 00, (C.l) 

which is possible due to Kaplansky's density theorem if %l a ,4> n A(I) C A(I) is u-weakly 
dense. According to Phragmen-Lindelof 's three-line theorem, all \G XnjVn — G Xm: y m \, with 
m,n G N, attain their maximum on &T . Moreover owing to condition (Sq) they tend to 
zero uniformly for large t because 

G Xn , Vn (t) < le-^^l^^e^^We^CWllll^llll^ll, t eMu (R + i), 
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with Ci,Cz > depending only on / and 4>, not on x n ,y n ,t, cf. also (|C.8p below. 

For any e > 0, choose I E £ I symmetric around and sufficiently large such that 
Ci e 2C 2 (i+|/|) 2 e _c 2 (i+|/|)|/ £ | 2 < e j A and guch that j c j £ Then 

l^xn.i/nC*) - G x m ,y m (t)\ < max{supe~ 2C,2(1+|/|)s2 \(p(x n a s (y n )) - (f>(x m a s {y m )) , 

sGR 

sup I e-^P+l'IH^) 2 ||0(a s (y n ) 7 (*„)) - ^(a s (y m ) 7 (x m ))|} 

sGM 

<e/2 + e 2C2(1+|/|) max{sup \4>((x n - x m )a s (y n ))\ + sup \(/>(a a (x m )(y n - y m ))\, 

s&i £ seh 

sup \(p((y n ~ ym)a s 7(x n ))\ + sup \4>{a s -f{y m ){x n - x m ))\} 
sei e SG/ E 

<e/2 + 2e 2C2 ( 1+ l / D max { sup \(f>2i e \((x n ~ x m )a s {y n )a s {y n )* {x n - x m )f /2 
+ sup \4>2i e \({y n - VmY "a s (x m y a s (x m )(y n - y m )) 1/2 , 
sup \<t>2i £ \{{x n ~ x m )* a s ^(y n )* a s ~i(y n )(x n - x m )) 1/2 

sG/ e 

+ sup \<t>2i e \{(y n - y m )a s j(x m )a s j(x m )*(y n - y m )*) 1/2 | 



(C.2) 



<e/2 + 2e 2C2 ( 1+ l / D max { \\y n \\\<hi. \((x n ~ x m )(x n - xj*) 1 ' 2 

+ |km|||02j e |((yn - y m y(y n - y m )) 1/2 , 

\\yn\\\(p2I e \({Xn - X m y(x n - X m )) 1/2 

+ ||a;m|||02/ e |((2/n - ym){y n - y m )*) 1/2 }, 

where we made use of (SV) and {S%), which hold on 2t Qj( ^ n A(I) so far. Combining this 
with (jC.lj) and the local normality (Si) of |</>2/ £ |, we see that the second summand is 
less than e/2 for n,m sufficiently large, and the whole RHS is independent of t £ T 1 ; in 
other words G Xn)Vn converges uniformly to a bounded continuous limit function G on T . 
According to Weierstrass' convergence theorem, G is actually analytic on the interior of 
T ■ Moreover, since pointwise, for every t £ R, 

G«n )Wn (t) e-^^+^l)* 2 0(za t (y)), G, nilhl (< + i) -+ e -™*<l+\mm* 0(a t (y) 7 (x)), 

the function : i 6 T 1 1— >• e 2C2 ^ 1+ ' / '^ 2 G(t) is analytic on the interior of T 1 and satisfies 

F x>y (t) = <f>(xa t {y)), F x>y (t + i) = <j)(a t (yh{x)), t e R, 

which proves (S2) on all of dom(^) c . □ 



C.2 Proofs for Section model analysis 

Proof of Proposition [37TT Let /C = L 2 (R, C d ) with T complex conjugation, and let 

5 (R,C d ) :=span{ / 0(i)/(- + i)di : G 5 C (R,R),/ G 5(R,C d )} C S(R,C d ), 
Jr 

which is again dense in fC. We follow the lines of [RST69] , but instead of the KMS condition 
we consider the sKMS condition. Furthermore, we work with the whole complex selfdual 
CAR algebra CAR(/C,r) (like Araki [Ara70j ) instead of the real subalgebra in |RST69j . 
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Note that the C*-dynamical system (CAR(/C, T),a) is independent of the supersymme- 
try, so, as explained in jRST69|, Prop.l], t G R i- > at(F(f)) extends uniquely to an analytic 
function on C, for every / G S (RX d ), and the monomials in F(f), f G 5 (lR,M d ), lie 
all in 2l a . Moreover, there are two commuting selfadjoint operators U, \V satisfying the 
conditions in [RST691 Prop. 2, 3, 4], with iV > and U > 1 and preserving both 5o(M, C d ) 
and 5 (M,M d ), such that = F(Uf)+iF(Vf), for all / G 5 (M,C d ), cf. |RST691 

(2.12)&(2.13)]. 

Suppose there exists a functional satisfying (So), (S2), (S3). We start by showing 
its uniqueness. Since it is defined on monomials (by assumption), we obtain an (un- 
bounded) hermitian sesquilinear form 6 on 5o(M, C d ) x 5o(M, C d ) C dom(#) C K, x /C by 
Q(fi9) = ^(F '(f)* F (g)) . Using hermiticity, the canonical anticommutation relation (|3.ip 
and normalization 4>(1) = 1, we find 

9(g~Jj = 0(f,g) = -9(Tg,Tf) + (f,g), f,ge S (R,C d ). 

It is useful to introduce the antisymmetric real bilinear form r] := i(29 — (•,•)), which 
satisfies 7y(r-,r-) = r\. We may choose 

Sta,^ := * -alg{F(/) : / G S (R, C d )} C CAR(/C, 1% D dom(</>) 

since the functions t h-> 4>(xat(y)) are analytic on T , for every x,y £ 2t Q ^, as shown in 
[BC071 Th.5.6(ii)]. Then 21^ C CAR(/C,T) is norm-dense. 

According to Proposition 12.21 the sKMS condition (S' 2 ) holds on % a ^: 

e(f,(U + iV)g) = -e(Tg,Tf), /, S G5 (K,C d ). 

It implies 

(f,Ug)-ir}(f,Ug) + i(f,Vg)+r)(f,Vg) = -(f,g) - i V (f,g), f,g€ S (R,C d ). 

Considering real- valued functions in <So(R>R d ) as in [RST691 Lem.2], we may split the 
preceding equality into real and imaginary part, thereby obtaining 

V (f,(U-l)g) = (f,Vg), 

so v(f,9) = (f,V(U - I)" 1 *?) on S (R,C d ) x (U - l)S (R,C d ). Applying [RST691 
(2.18), (2. 19)], we see that 0(f,g) is given by 

which clearly extends to 

+ / )i ^f(p)9(p)dp, f,g£S(R,C d ), (C3) 

-00 Je / 1 - e P 

and we choose dom(6») = 5(R, C d ) x S(R, C d ). Thus the 2-point function 6 of </> is densely 
defined and unique. The assumption of quasi-freeness determines then (p completely on 
dom((/>). 

Concerning existence, notice that the above 9 in ()C.3p completely defines a quasi-free 
functional (0, dom(0)). Since dom(0)/ n CAR(/C/, T) C CAR(/C/,r) is norm-dense, for 
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every I £ I, and <p is hermitian there, (So) is satisfied. (S2) is proved like [BG07, Prop. 5. 7], 
while (S3) is seen as follows: 



1 ^(F(f)*F(f) + F(f)F(fy) 
2 

e 



1 / /* _ ^ /*°° \ / 1 1 



1 /* — £ /*oo 



e^O' II J 112 

1 „ S „o 

2 - 1. 



2\\J 112 
2 



We remark that ()C.3p is the definition used in [BGQ7] and we always refer to this form 
henceforth. Local normality, however, has not been proved so far. 

Finally we look at the case of arbitrary inverse temperature treated in Remark 13.21 
Following again the above procedure, in particular [RST70, (2. 18), (2. 19)], we find 



2 



d/3 r v ; d/3ii^i 2 



d ,. 1 



"d/? e ^o- 11 " |2 



— e 



hm / + 

2 v J -00 

d , 1 / r £ Z" 00 \ / I I 



(Hp) Hp) + K-p)f(-p)) dp 



12 

which proves the claim in Remark 13.21 □ 



Proof of Theorem 13. 3L Let us write Pj for the orthogonal projection onto the subspace 
K.j = L 2 (I, C d ) C L 2 (R, C d ) = K, for any I G X. Note that the vacuum state restricted to 
the subalgebra CAR(/C/,r) is in fact given by the quasi- free state 

4>P+ tcAR(/C/,r)= <PPiP+Pi = <t>p + - 

It follows from [BG071 Prop. 5. 6] that the sesquilinear form of is implemented by P + + T, 
where T is an unbounded operator with form domain <S(R, C d ) and such that PjTPj 
extends to a trace-class operator on fC, for every J € X. Fix one such J and let S = P + + T 
with P + := PjP + Pj and T the closure of PjTPj; these are all selfadjoint operators on fC 
that can be naturally identified with selfadjoint operators on tCi, and 

p+ + rp+r = P/(p+ + rp + r)p / = p,ip 7 = p 7 , o < p+ = p 7 p + P/ < p 7 , 
r + rrr = Pj(t + rrr)p 7 = P/OP/ = o, f e l^/C/), 

as follows easily from the definition of P+ in (|3.3p and of T = — TTr in [BG071 Th.5.6(i)], 
using the obvious fact that Pj commutes with the complex conjugation operator T. 
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Letting 

dom(^) := 7r^ + (dom(0)) = * -alg{7r 0p+ (F(f)) : / G «S(R,R d )}, 

the algebraic statements in (Sq, S2, S3) are automatically satisfied with respect to the 
induced welldefined grading and translation automorphisms 

7r^ + (F(/))^7r^ + o 7 (F(/)), %+ (F(/))^ %+ o Qi (F(/)), / G /C r , 

denoted again by 7 and at for simplicity. 

Concerning local normality and boundedness, let us fix a bounded interval / G X. 
Then we infer from Theorem IA.4I that (fts = 4>P + J r f is bounded and normal in the GNS 
representation of <pp + , i.e., defines a bounded normal functional cpj^j on the C*-algebra 
7T0^ (CAR(/C/,r)) such that (\>jj o = <t>p ++ f- Thus extends to a bounded 

normal functional on the cr-weak closure F(I) = {vr^ p (i ? (/)) : / G /C^}", such that 
0jr / o 7r^- coincides with on dom(0jr) n ^(I). 

Finally, the growth condition in (S2) is seen as follows: given elements x, y G ^(Z) 
for some I £ I, we can find sequences x n ,y n G ^(Z) D 7T0 p+ (dom(</>)) converging <r- 
strongly to x and y and being uniformly bounded by ||x|| and respectively, as in (jC.ip 
(recalling that the vacuum representation is ttq = vr^ p+ and that dom(</>p + ) C\F(I) C J 7 (I) 
is iT-weakly dense). Arguing then as in ()C.2p . we see that the sequence of functions 
t 1 y e - 2 C2{i+\l\)t F Xri) y n (t) converges uniformly to a bounded analytic function G on T 1 , 
such that t 1 y e 2C,2 ^ 1+ ' 7 '^ G(t) satisfies property (S2), so the latter holds in fact on the 
whole algebra dom(</>jr). 

Uniqueness follows from uniqueness of (<p, dom(0)) in Proposition ^. H and the definition 
dom(^j-) := TTfa , (dom(0)). □ 



Proof of Lemma 13.41 The proof follows closely the local construction in [CH KLIO^ 
Sec. 5] making use of the general theory in [CHKLlOl Sec. 2], although here we are working 
with the super symmetric free field net and with a representing translation instead of 
rotation; we refer the reader to those places since here there is only place to roughly 
sketch the procedure. 

The free field net A on T~L is superconformal, so it contains the super- Virasoro net 
-4svir,c with central charge c = |d as conformal subnet, cf. [C HL12} Sec. 6]. The super- 
Virasoro net in turn [CKL08, Sec. 6] is the net generated by continuous bounded functions 
of unbounded selfadjoint even and odd operators L(f),G(f) on 7i, respectively, / G <S C (M), 
which satisfy the following (graded) commutation relations on the common invariant core 
D^CH, cf. [CLTWllbl Lem.4.5&4.6], or also [CHKLlOl Sec.4] and [CHL12I Sec.6]: 

[L(f),L(g)]=-iL(f'g) + iL(fg') + i^- [ f"'g, 

[L(f),G(g)}=iG(fg')-^G(fg) 7 (C.5) 

[G(f),G(g)]=2L(fg) + l [ (f'g'--Jg). 

They can be constructed out of the super symmetric free field by the super-Sugawara 
construction [KT851 iGKOMj (cf. also [CHL121 Sec.6]) and satisfy the following (graded) 
commutation relations: 

[J(f),L(g)] = -iJ(f'g), [F(f),L(g)] = -iF(f'g), 

[J(f),G(g)] = -iF(f'g), [F(f),G(g)] = -J(fg), K ' } 
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for f,g £ <S C (R). These relations are again to be understood weakly on the common 
invariant core D^. 

Let 4>i £ <S C (R) denote an arbitrary but fixed function with (f)j \i= 1, and set Qi := 
G(4>i), which defines the superderivation (5q / as prescribed in ()3.8p . Then according to 
(|C.6p 6qj satisfies (|3.5p on D^. Applying then Borel functional calculus, almost literally 
as in the proof of [CHL12, Prop. 6. 6] but with Qj instead of Q and «/(/) U(l)-currents 
instead of G-currents, we obtain (|3.6p . which was to be shown. In particular, as shown in 
[CHKLlOl Prop. 5. 3], Sqj does not depend on the actual choice of 4>l £ <5 C (M) as long as 
<t>i\i=l. 

According to the general theory of superderivations implemented as graded commu- 
tators in |CHKL10[ Prop. 2.1], it follows that 5qj is really a superderivation and it is 
(a- weak)- (a- weakly) closed. □ 

Proof of Lemma 13.51 The generator P of the translation group is positive by as- 
sumption and preserves Pqo C T~L, the common invariant core for all the field operators 
F(f),J(f),G(f),L(f), with / G «S(M)/. On this core, we have 

L{$)X{f)Z - X(f)L(<ft)£ = iX(f')£ = PX(f)£ - X(f)P£, £ £ V^, 

according to (|C,6p and the definition of P, with X standing for J, F. Passing then to 
resolvents and applying Borel functional calculus as in the proof of [CHL121 Prop. 6. 6] 
with Q replaced by L((j) 2 ) — P, we find that 

x (L(4> 2 j)-P)c(L(<P 2 j)-P)x + 0, 

for all x £ 2lo H A(I) (and the inclusion is equality). 

The rest of the proof goes along the lines of [CHKL10] Prop. 5. 6], except that we 
are now over R instead of S , and a implements translation instead of rotation. Given 
x £ 2l n A{\l) and h £ S(R)ij, we see that 

Qia t {x)C = a t (Qi-tx)£ = a t (a;<3j_t)£ + a t {5 Ql _ t (x))£ = a 4 (>Q/_ 4 )£ + a> t (5 Ql (x))£, 

for all t £ g I. Thus Xh £ dom(5Q 7 ), with 5q i {x} 1 ) = (5Qj(x))h using simply the definition 
of Xh- Analogously, we obtain Xh{L{4> 2 ) — P) = {L{4> 2 ) — P)xh- But since 

x h = a t {x)h(t)dt = I e itp xe~ itp h(t)dt, 
Jr Jr 

Xh lies in the domain of the commutator with P and [P, Xh] = ixh', cf. [C HKLlOl Lem.2.11] 
and |BR97l Prop.3.2.55]. 

Moreover, since Xh£,,8Qj(xh)£, £ D for all £ £ V^, we may compute as follows: 

GtffiSQMt =G(<p I fx h i - G(^) 7 (^)G(^)e 

=G(<j )I ) 2 Xhi - SqM^GMi - xnG^jfi 
=L^ 2 )x h t - x h L(<ft)£ - <5 Q/ ( 7 (^))G(0 7 )£ 

=(L(4) ~ P)*ht ~ x h (L(4>j) - P)C + Pxht - x h PC ~ SQMxtJMfaX 
=Px h £ - x h Pi - 8 Ql h{x h ))G[<j>i)t 
= \x h 'i - 8 Ql ^){x h ))G{(j) I )i 
= i x h 'i + j(S Ql (xh^Gtyi)^, 

thus Xh £ dom(5g / ) with Sq^x^,) = 5o(xh) = ix^r. Since h' £ 5(R)i 7 again, one continues 
recursively to obtain the statement of the lemma. 

□ 
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Proof of the remaining part in Theorem 13. 7L With assumptions and notation as 
above and in the proof of Theorem 13.71 we have to show 

j,l8i(x) = 0, x G B(I) := * -aJg{y, S(y) : y G Sto D 

We follow the proof of [BG071 Th.5.8]. Although the Weyl operators are not treated 
there explicitly, the strong regularity of the quasifree state 4>B together with the discussion 
in |BG07[ p. 705-706 & (10)] shows that our functional ij) (as introduced there with the 
symbol 0) is well-defined on 

*-alg{F(/)(J(/) +i)-\ J(/),(J(/) +fr 1 , W(f) : / G 5(R,R d )/}, 

so in particular on B(I), which generalizes [BG071 Lem.8.2]. With /j G <S(M, we 
calculate as in the proof of [BG07, Th.5.8] (writing R(f) for (J(/) + i) -1 ), with integers 
< I < m < n: 

j> o 6(F(fi) ■ ■ ■ FiffiRih) ■ ■ ■ R(fi) J(f l+1 ) ■ ■ ■ J(f m )W(f m+1 ) ■ ■ ■ W(f n ) 

roo am— I 

ti-L-i.-.tm — 







i> o 6[F(h) ■ ■ ■ Ftfi)W(t x f x ) ■ ■ ■ W{t n f n )) e -^--*« dt x • • • dt, \Z^X=i 



i ■ 



1=1 



+ (-1)' 53 i>{F{f x ) . . . Fumfk)) (-i)'(- i) m ^ / 
fc=i ^° 



dto&ti + i ■ ■ ■ dt 

r(u'(/ ( ,/-jn-(/,/, )---ir ( / ( ,/-„)) (>-''- -Si/, •••dt, C^.X=r 

oo Qm—l 

dtl + i ■ ■ ■ dt m 

^(w^wihh) ■ ■ ■ w{t n f n )) {-%) e -*i--*« d ri ■ • - at, C^X=r° • 

By means of derivatives and Laplace transforms, we reduced everything on the bosonic free 
field part to products of Weyl unitaries because for the latter ones we have the following 
handy expression (from [BG071 p.706&(15)]): 

HW(fi) ■ ■ ■ W(f n )) = exp ( - £ i (?(/,., /£) - \ J2^ifj, f'k)) , 

i<fc j=i 

where is the two-point function for </> defined in (|3.4|) . The quasifreeness of 4> implies 
that the above expression can be nonzero only if I is odd, which we shall assume from now 
on. It implies also that products of (I + 1) fields can be split into 2 and (I — 1) in the usual 
manner, so that we obtain for the above expression 



^ o S[ F{h) ■ ■ ■ FUi)R{h) ■ ■ ■ R(fi)J(fl+x) ■ ■ ■ J(f m )W(f m+1 ) ■ ■ ■ W(f n ) 

' , i •. /"oo am— I 

B-«(TO...v... fW) )(-^| ^— jj- 



5t 



i — - 53(-t fc )^(F(/,)F(^)) 



fc=l 



^(^(t ^.)^(ti/i) • • • w(t n / n )) e-* 1 — -*« at! ■ • • dt, r 



tl— *J ^ . . . rl +. |-*0,*i + l-tm-0 
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^(-i)V(F(/ 1 )---v...F(/,))(-ir- i ! 

8=1 ^ 



oo Qm—l 



o <9*/+i • • • dt fi 

i ^ (- i)d(f h fj) - J2(-t k )e(f u f' k )] 

3=1 k=l J 

^(witof^Wihh) • • • W(t n f n )) e-^-^dh ■ ■ ■ dt t it'X't!^ 

=0 

Thus ip o 5 = on B(I), for every I El. □ 



C.3 Proofs for Section [4fc JLO cocycles 

Proof of Proposition 14. 2L We have to prove the (analytical) entireness condition and 
the (algebraic) cocycle condition. The proof of the former one coincides almost literally 
with that of [BG071 Th.6.3]: since our functional is assumed to be local-exponentially 
bounded (Sq), the crucial first equation on Aq(J) in that proof is fulfilled in our context 
on the whole local von Neumann algebras A(J) = A( J), and the rest of the proof continues 
literally as written there. 

Concerning the cocycle property on dom(5 co )i, for all I 6 I, we follow now the proof 
of [BG071 Th.6.4]. The only thing to be established here is the corresponding version of 
[BG071 Lem.8.6], i.e., 



anal. cont t ^ is (f>[5(xo)at Sl {5x 1 ) ■ ■ ■ a tSn {Sx 

_d 
dt 



d ( 

anal. cont^s ^ i —^(7x0)0^ (7^1) • • • (C.7) 

j=l 3 



■ at j _ 1 (7Sxj- 1 )at J (xj)a tj+1 (5x j+1 ) ■ ■ ■ a tn (8a n y\. 



for Xi 6 dom((5 oc )/ and s € A n . Since 5 preserves dom(5°°) c , the present version of (|C7p 
is actually much easier to prove. The rest goes through as written there, with D c replaced 
by dom(<5°°)/. 

To this end, recall that the superderivation property (ii) implies 

n 

5(x ) ■ ■ ■ 6{x n ) = 5(x 5(xi) • • • 5(x n )) - ^7(x 5(xi) • • • .5(x j - 1 ))5 2 (xj)6(xj + i) • • • 5(x n ), 

i=i 

and that a%. commutes with 5 according to (i). Combining this first with property (S4) 
and then with (S5), we find 



(f>(s(xo)a tl (Sxi) ■ ■ ■ a tn (6(x n )) 



J2<p^x )a tl (n/5(xi)) ■ ■ ■ a t:j _ 1 (j5(x j _ 1 ))a t] (5 2 (x j ))a t]+1 (5(x j+1 )) ■ ■ ■ a tn (S(x n )) 

: Yl 1 ^-^((7^0)0*! (7*(»i)) • • • (7<^(^-i))«% {xj)a tj+1 (5(x j+1 )) ■ ■ ■ a tn (S{x n )fj . 
j=i 1 



3=1 

n 
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As in (|4.1|) . the two functions 

t G R d ^(f>(s{x )a tl (Sx 1 )---a tn (S{x n ))j, 

t G R d ^1^7 </>((7^o )a tl (-yS(x 1 )) • • • a tj _ 1 (7<5(2; j _i))a tj (x i )a tj+1 ((5(x j+ i)) • • • a tn (S(x n ))^ 

extend to analytic functions on the tube T n coinciding on R n . With the special choice 
z = i s G T n , we obtain (jCTT)) . □ 

Proof of Proposition I4T31 We treat only a£ since can be treated by similar methods. 
The proof is inspired by [JLW89, Th.III.l]. Applying (|4.2p . we notice that the n-th term 
in the sum defining (p(xal(y)z), with t G K, is bounded by 

uin uin 

^-(2||a r ||e 2C2 ( 1+ l / l) 2 e C2 ( 1+ l / l) t2 r +1 ||x||||y||||z|| < ^r(2||a r || e^+W+^r+Hxll \\y\\ llzll 

(C.8) 

so the convergence is clear. Considering the difference <f){xoHj.{y)z) — (p(xa^(y)z) and re- 
membering a r G dom(5°°) c , we have in a similar manner for the n-th term in the sum the 
following upper bound: 

\t\ n I (f>[x ad(a tsi (a r )) • • • ad(a tSn [a r ))(y)z - x ad(a tSl (a q )) ■ ■ ■ &d(a tSn (a q ))a t (y)zj d n s 
=\t\ n / I ^2 <^( x ad ( Q tsi (°r)) • • • ad(a tSk (a r )) ad(a tSfc+1 (a q )) ■ ■ ■ &d(a tSn (a q ))a t {y) 



x ad(a tSl (a r )) • • • ad(a tSk _ 1 (a r )) ad(a tSfc (a q )) ■ ■ ■ a,d(a tSn (a q ))a t (y)z ) d n s 

uin n 

<E-y ||a r ]| fe - 1 ||^-a„||||a„|r- fe (2e 2C '^ 1 +l jr l+ t2 > 2 r+ 1 || a: |||| 2 /||||^| 
n! z — ' 
fc=l 



Uln 

^T^-rTTdkir 1 + KP -1 )lk - a (? ||(2e 2 ^( 1+ l 7 l +i2 ) 2 r +1 ||x|||| y ||||z|| 
(n — lj! 

Summing over n and using the power series expansion of the exponential function and 
|| a r — a s || < 2|r — s|(||£(Q)|| + ||Q 2 ||), we obtain the stated upper bound. 

We want to check the group property of a r , using the group property of a: 

(f>(xa r tl a r t2 (y)z) = J2 Yl H / t 2 <p(x ^(a Sl (a r )) ■ ■ ■ ad(a Sn {a r )) 

ad(a tl+Sni+1 (a r )) • • • ad(a tl+Sni+II2 (a r ))(a tl+t2 (y))zj d™ 2 s d ni s 
= ^2^2 in I H t2 (/>(xad(a Sl (a r ))---Bd(a Sn (a r )) 

neNni=0 ^"l J ^n- ni 

ad(a tl+Sni+1 (a r )) • • • &d(at 1+s Ja r ))(a tl+ t 2 (y))z^ d n ~ ni sd ni s 

= X) 1 / t 1+ t 2 ^{ x ad ( a si(°r)) • • • ad(a Sn (a r ))(a tl+t2 (y))z) d n s 

neN A " 2 
=</>(xa[ 1+t2 (y)z). 

If sgnti = sgnt2, this is all. Otherwise, the third equality follows from a few elementary 
intermediate steps, which we skip here. As a consequence, a r t a r _ t = Oq = id proves 
invertibility, for every iGR. The fact that they are algebra homomorphisms, i.e., 

4>(xal(yiy 2 )z) = ^{xa r t {yi)a r t {y 2 )z), x,z G dom(» c , y u y 2 G dom(5° 



)C1 
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follows immediately from the definition of a J t . 
Concerning 

</>(x6r(y)z) = -i—4>(xa r t (y)z) \ t=0 , 

we recall that both a r and y lie in dom(<5°°)/, by assumption. Thus term-by-term differ- 
entiation of the series defining (f)(xa r t (y)z) yields a convergent series again with nonzero 
contribution only for the zeroth and first summand, namely 

d d d f f 

-i-^<f>(xal(y)z) \ t=0 = - i — <j>(xa t {y)z) \ t=0 + - i — i J (j){xaA{a s {a r ))(oc t {y)))z) ds \ t =o 

=(j)(x5 2 {y)z) + 4>(x(&d(a r )(y))z) = <p(x5 2 (y)z) , 

making use of the weak supersymmetry property (£5) of a. We call 5 2 = 5 2 + ad(a r ) the 
(f>-weak generator of a r . 

The proof for 7 r goes similarly, with 0-weak generator 5 2 + a r , i.e., 

-i-^<f>{x r Yt(y)z) \t=o= 4>(x(5 2 (y) + a r y)z). 



□ 



Proof of Proposition 14.51 Notice first that, for every x,y,z £ dom(£°°) c , the function 




has a continuation to the tube T 2 = {(i, u) £ C 2 : < $s(t) < < 1} which is 

analytic on the interior of T 2 ] the continuation is performed summand-wise, using fj4.2[) 
and the explanation given before that equation: in fact, one shows that the series defining 
4>(x'fl(y)a u (z)) converges compactly, so we are done by applying Weierstrass' convergence 
criterion. 

We have to check the sKMS property (S2), and we may do this summand-wise again. 
Given x, z G dom(0) c , let 

F x ,z{t) := anal. cont s _>i (j){xa\ (z) 7 £ (1)), t € R. 

It has an analytic continuation to T 1 owing to the sKMS property for cj) and the above 
reasoning. We have to show that F x ^ z (t + i) = anal. cont s _;.i (t){a r t {z)^{x)Y s (I))- We claim 
that 

<f>(ze(t)) = 0, e(t) := 5(^(1)) + rQ 7 [(l) - n r t (l)a t (Q), (C.9) 

and 

<P(xf(t)) = 0, /(t):=a[(z) 7 [(l)- 7 r(lH(z), (CIO) 
for all t £ R. Once this is proved, we obtain (S2) follows: 

Fx,z(t + i) = anal. cont s ^ t+iiU _„ (f)(xa r s (z) Y u (l)) 
= anal. cont u _n <^(xa4(aj"(,z)) 7 ^(l)) 

= anal. cont M ^i <p{x^ r u {l)a u {a r t {z))) (Cll) 
= anal. cont Uj t,_>.i (j}{x^ r a {l)a v (a r t {z))) 
= anal. cont u ^i <p(a r t (z) 7 (x) 7 £ (1)) , 

where multiple analytic continuations are always performed in such a way that Q(s) < 
Ss(u) < for complex variables s, t, u, in order to remain in the corresponding tube T 3 
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where they are defined. Note that the third line follows from ()C,10p . while the last line 
is a consequence of the sKMS property for ((f), a), noting that both X7„(l) and ot r t (z) are 
localized and smooth. 

Proof of the claim. First of all, note that owing to the sKMS condition on <f> and 
a similar reasoning as in the preceding proof of Proposition 14.31 E : t G M i— > <p(ze(t)) 
extends to a continuous function on the whole strip T 1 which is analytic on the interior 
of T 1 and differentiable on R. Differentiation by t together with properties (S4) and (S5) 
for (j) yields 

- i ±E(t) =(f)(z(6 + rQ)(5 2 + a r )( 7 [(l)) - z(5 2 + a r )(f t (l)a t (rQ))) 
=<P(z(5 2 + a r )e(t)) 

=<j)(5 2 (ze(t))) -0(5 2 (z)e(t)) + (f)(za r e(t)) 
= -(j)((5 2 -a r )(z)e(t)), tel. 

Recursively one finds z r>n E dom(<5°°) c such that 
d n 

i~ n ^ E (t) = + a r ) n (z)e(t)) = (f>(z r , n e(t)) , n E No, i£t. 

Since all z r ^ n e(t) are localized (uniformly for t in bounded intervals) and eft is locally 
bounded, all derivatives of E are continuous; in other words, E is smooth on M and 
furthermore, according to our preceding discussion, analytic on the interior of T 1 . Since 
e(0) = 0, we get for all derivatives: E^ n '(0) = 0, n E No- Applying the C°°-version of 
Schwarz' reflection principle [BL90| Th.l] shows that E = on the whole strip T 1 . The 
function / in (|C.9P is treated analogously, so we are done with our claim. 

We have to check the remaining conditions for sKMS functionals. We may choose 
dom((/> r ) = dom(0) since 7^ (1) is smooth and localized. With 7^(1) = at(7!l t (l)*) and 
the sKMS condition for ((f), 7, a) and arguing as in (|C,lip . we find 

(f> r (x*) = anal. contf_>i (f)(x*Y t (l)) = anal. cont^ <^>(a;*at(7lL t (l)*)) 

= anal, contt lU _>i (f)(x* a u (^ r _ t (l)*)) = anal. cont t ^i 4>(^ r _ t (l)*^(x*)) 
= anal, cont^i ^{Y-tiX)* x *) = anal, cont^i (j}{pf r _ t {\)* x*) 



= anal. contt_j.i ^(x7?l 4 (l)) = anal. cont t _>_ ; (f>(xY-t(^-)) = (f> r (x) 
so (So) is verified. 

Let / be large enough so that Q E dom(0)/. We have already seen that, for every 
r E [0, 1] and x E dom(</>)/, the map ^(aryj^l)) extends to an analytic function 

on T ; in fact, for every i E 7 -1 , we find 

00 . 

|0(x7 t r (l))| <| £(-t) n / ^(^.it(or) • • • »sM) 

n=0 

00 1 



n=0 

00 

2C 2 (l+|/|+t 2 ) 2 (n+l) 



(C.12) 



n=0 



and choosing i = i, we get Cj > independent of x such that (|C.12p is bounded by 
C/||x||. Thus we have local boundedness of (ff for sufficiently large interval /, hence for 
all intervals (by isotony). We expect, however, neither local-exponential boundedness nor 
local normality for (ff , so we have a weak version of (Si), but no (Sq). 

The normalization property <^> r (l) = 1 will be shown in (]C.20p as a corollary of the 
proof of Theorem 14.61 which does not make use of (S3) but instead only of the finiteness 
of (f> r (l). 
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Concerning (S4), we have to show (ft r 5 r (z) = 0. Using first <j)5 = and then (|C,9p . we 
obtain 

<ft r 5 r (z) = anal, cont^j <f>{6{z)-f t (1) + r{Qz - 7 (z)Q) 7 [(l)) 

= anal.cont M ^ i 0( - 7 (z)5( 7 [(l)) - r 7 (z)Q 7t r (l) + r 7 (z) 7 [(l)a u (Q)) 
= -anal.cont t _ >i 0( 7 (z)5( 7 [(l)) + r 7 (z)g 7 [(l)) - r 7 (z) 7 [(lH(Q)) =0. 

Moreover, if ((ft, 5) satisfies (S4), then so does (<ft r ,5 r ). Finally, (S5) is shown in a similar 
way as (S^). D 

Proof of Theorem 14.61 The proof of the first statement is identical with the one of 
[BG07, Th.6.3&6.4] stated there for the case of the supersymmetric free field. 

Let us study the perturbed functionals. We shall need the following functions, for 
n £ N: 

F n (x , .., x n ) := anal, cont^i / <ft(x a Sl t(xi) ■ ■ ■ a Snt (x n )) d n s, Xi G dom(0) c , 

J A n 

In particular, we can rewrite 

T n (x , ...,x n ) = F n (x ,5(xi), ...,S(x n )). 

Suppose Xi, Q are localized over a certain I £ I. Then by definition of a r and 7 r and 
applying (|4.2p . we have (with the usual multi- index notation), for Si £ R: 

\<t>(x a r Sl (xi)...a r Sn (x n )j r Sn+1 (1))| 



< 



E 



A 



''1 /A Sn + 1 



fcSN™ +1 fe l " fc "+l 

-1 v-^fc 



2c 2i i + \i\n\k\ + i) e^d+wEr^E^^ hr f\ . || X0 || . . . w ^ h . ,. d w Wl 

' ' ' ll^n || 



< V e^^+l^^^l+^e 02 ^ 171 ^-! 1 ^ 2 — s*||a \\$ 



^2/„. , ii2 



< exp (2C 2 (1 + |/|f (N e^a^+Miri-i+ir +... + | Sn+1 | e w+|J|n*„ + i+i; j || flr || j . || Xo | 

< exp (2C 2 (1 + |/|) 2 max(| Sj |) e 2C, 2(i+|/|) 2 (max <s f+i) . ^ . . . 

where ij ^ < s^; thus the function 

s G cftixoa^x,) ■ ■ ■ a r Sn (x n ) 7 r Sn+i (l)), 

which is defined by a compactly convergent series of analytically continuable functions, 
can be analytically continued to T n+1 , with upper bound 

\(ft{x Q a r Sl {xi) ■ ■ ■ a r Sn (x n )Y Sn+1 (l))\ 

< exp (2C 2 (1 + l^l) 2 max(|si|) e 2C, »( 1 +l / l) 3 ( nu «* i i+ 1 ) || flr ||) • ||x || • • • ||x n || 



arguing in the same way as in ()C,12p . Integration over iA n then gives rise to the well- 
defined F^(xo, ...,x n ), and for the corresponding JLO cochain r r we therefore find, for 
every I £ I: 

MK tdo m( ^ )? \\l /n <^Qexp((n + l)2C 2 (l + |/|) 2 e 4 ^( 1+ l 7 l) 2 ||a r "^ 1/n 
~^exp (2C 2 (l + |/|) 2 e 4C72 ( 1+ l / l) 2 ||a ? 
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asymptotically, which tends to for n —> oo, so r r is in fact local-entire. The cyclic cocycle 
condition is purely algebraic and verified as in the case of r. 

Concerning the perturbation invariance of the cyclic cocycle r, we would like to show 
that 

n-l 

G^_!(a;o,...,Zn-i) := J^(-l)*i^(a;o, ^r(^i), 5 r {x k ),Q, ...5 r {x n -i)) (C.13) 

k=0 

defines a local-entire cochain such that 

^- T r = dG r . (C.14) 
dr 

It is clearly well-defined, and the local-entireness condition of the chain (G^) ne 2N +i is 
verified in the same way as for the JLO cochain (r^) ng 2No above. 

Let us turn to the cocycle condition. We recall the following equalities from |BG07} 
Lem.8.5], for X{ G dom(0) c (which are proved there for the case r = but hold in fact for 
arbitrary r since (4> r , 7, a r , S r ) satisfy analogous algebraic relations): 

FZ(x , ...,x n ) = F^(x n ),x , ...,x n _i) (C.15) 

■^n (-^0) -El) ■■■■>S r (Xj) , X n ) = F n _i(xo, Xj — iXj , X n ) F n _i(xQ, XjXj+i, X n ) 

(C.16) 

F^(x ,x 1 ,...,x n -i,5j(x n )) = F^_ x {xq, ...,x n -ix n ) - F^_ 1 (j(x n )x ,x 1 , ...,x n -i) (C.17) 

^F^ +1 (l,x i ,...,x n ,7(x ),..., 7(^-1)) = F n (x ,...,x n ). (C.18) 
3=0 

Moreover, the derivation invariance (S4) says </> r 5 r = 0, which implies 

n 

^ i n(7(«o)> 7(^-l), <^j),^i+l, ...,a; n ) = 0, x* G dom(5) c . (C.19) 

j=0 

Applying them to the definition of the operator B, we obtain (now with j(xi ) = Xj 
and 7(Q) = — Q an m dom(5) and n G 2No even): 

n 

BG^ +1 (x 0) ...,Xn) =^(-l) ni G^ fl (l,x i ,...,x i _i) 

3=0 
n 3-1 

=E(E(- i r (i+1 H-i)* +2_ ^ 

3=0 fc=0 
n 

+ ^(-1)^-1)^^(1,^^), S r (x k ), Q, ..MXj-l))) 
k=j 

n k 

=£(-i)*+i(^(-i)(-+i);^ 

fc=o 3=0 

n 

+ E (-^^^^(l^^X,-),-..^,^)^,...^^^!))) 

n 

= -E( -1 )* i n( <5 r(a!o),...,<5r(a?fc),Q,...,<5r(a?»)), 

fe=0 
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using (|C.18p in the last line together with the fact that all 5 r (xi) and Q are homogeneously 
odd. The same equalities are used in the case of b, where we obtain: 

n-l 

ra-l 3-1 

j=0 fc=o 
n 

+ ^ (-l) i+A: ~ 1 F^(xo,(5 r .(xi), ...,5 r (a;jXj + i), ...,6 r (xk),Q, ...,5 r (x n )fj 
k=j+i 

n-l 

+ J2(-l) n+k F^(x n x ,5 r (x 1 ),...,5 r (x k ),Q,...,5 r (x n _ 1 )) 

k=0 

n k 

k=0 j=0 
n 

~ E (-iy +k K+i(x ,8 r {x l )...,5 r (x k ),Q,...,5 2 r {x j ),...,5 r {x n ))^ 

j=k+l 
n 

+ S ^{-l) 2k ~ l Fl{xo,5 r (xi)...,5 r {x k ^i) 1 x k Q, ...,5 r (x n )) 

k=l 
n 

- ^2(-l) 2k ~ 1 Fn{x ,5 r {x 1 )...,5 r (x k ^ 1 ),Qx k , ...,5 r (x n )) 

k=l 
n k 

= E(-E(-l) i+ ^ 1 i^l(^0A(»l),»M^(^),»M«r(xA),Q,.. M <5 r (x n ^ 
fc=0 3=0 
n 

- ^2 {-^y +k K+i( x o^r(xi)...,S r (x k ),Q,...,5 2 (x j ),...,5 r (x n )^j 
j=k+l 

n 

+ ^2 F n( x 0,Sr{xi):;5 r (x k _ 1 ), [Q,X k ],...,6 r (x n )) 
k=l 

n 

= ^2{-l) k F^ +1 (5 r (x ), S r (xi), 5 r (x k ), Q, ...,6 r (x n )) 

k=0 

n 

+ Y,^ k+kF n+i( x ^ 5 r{xi),...,5 r (x k ),5 r (Q),...,5 r {x n )) 

k=0 
n 

+ ^2 F n( X 0i S r(xi),~; [Q,X k ],...,5 r (x n )), 
k=l 

using (|C.19j) in the last equality. 
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Let us turn to the LHS of ()C.14p : we have 

d ., 



(y)z) = Y] W n ^- / <t>{xad{a pi {a T ))---ad{a Pn {a r ))a t {y)z) d n p 



——(p(xa 
dr v 

nSN 



X) / / / <f>(x &d(a pi (a r )) ■ ■ ■ a,d(a Pk (a r )) 



a s (ad(dr) ad(a Pfe+1 (a r )) • • • ad(a Pn (a r ))a t _ s (y)) z) d n pd >ds 
t 

<j)(xa r s ([a r ,a r t _ s (y)])z) ds 



d_ 

dr 



(f)(x[a r s (5 r (Q)), a r t (y)]z) ds, 
using a r = 5 r (Q). Similarly, 

n ft r r 
-(j)(xf t {l)) = V Vi n+1 / / / <p(xa Pl (a r ) ■ ■ ■ a Pk (a r ) 

Tm in JO -/Af Ja'"' 

ngNo fc=0 fc n— * 

• a s (d r a Pfc+1 (a r ) • • • a Pn (a r )a t _ s (2;)) ) d n ~ k pd k pds 
(j)(xj r s (l)a s (a r )a s (jl_ s {l))) ds 

^(x 7 r(i)a s (d r ) 7 r(i)*7r(i))d S 

^{xa r s (5 r (Q)))dsf t (l), 
using 

a s ( 7 I_ s (l)) = a s (7^7[(l)) = ^{^^{1))) = ^(l)*^!)) 

and a r t {y) = 7 [(l)y 7 [(l) in the last two steps. 

Consider now, for given xq, ..,x n G dom(<5°°)c, the functions 

r G [0,1] (->■ if a0) .. )a; „(r; ii,...,t n ,u) = — ^(so^fr^i)) ■ • ■ a^(^ r (a; n )) 7 ;(l)), G 
Then we have 
Kxo,--,x n {.f^tii ••■■>t n ,u) 

n 

= ^(^h ($r(xi))-a r tj ([Q, xj]) ■ ■ ■ a r tn (5 r (x n ))Yu(l)) 

3=1 

+ / <t>{xna r tl {5 r (x{)) ■■■a r tn {5 r {x n ))a s (5 r {Q))f u {l))ds 



n 

■ ^ x o a ti ( 5 r(xi)) ■ ■ ■ oi r t .{[Q, xj]) ■ ■ ■ a r tn (5 r (x n ))Y u (l)) 
i=i 

" ftj+i 

+ 1^ <j>(x Q a r tl {5 r {x{)) ■ ■ ■ a. t .[5 r (xj))a s {8 r {Q)) ■ ■ ■ a tn (6 r {x n ))^ u {l)) ds, 

j=0 Jt J 



43 



where to = and t n +i = 1. The first term and the integrand of the second term on 
the RHS can be analytically continued in every variable, and hence K XOt „^ nn (r; •) can be 
extended to the tube T n , in the same way as F£. Thus 

d n 

— <(x , ...,x n ) = ^i^(x A(xi), [Q,x k ], ...,S r (x n )) 

k=l 

n 

+ ^2F^ +1 (x ,5 r (xi),...,5 r (x k ),5 r (Q), ...,5 r (x n )) 

k=0 

=(BG r n+1 + 6G^_ 1 )(x , ...,x n ) = (dG r ) n (x , ...,x n ). 

□ 

As a corollary of the proof we find 

<P r (l) = r r (l) = r (l) + F (dG"Ul)dq = T (l) + = 0(1) = 1, (C.20) 

J o 

which completes the proof of property (S3) in Proposition 14.51 
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